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Abstract
The contact problem of soft-rigid interfaces is investigated in this study performing micromechanical-based experiments on 
sand (rigid) grains sliding against granulated (soft) rubber and by incorporating the Mindlin-Deresiewicz model. The analysis 
suggested that modifications of the theoretical model are necessary by taking into account, quantitatively, the deformable 
nature of the soft particles in terms of self-deformations during sliding. Interface friction, tangential stiffness and microslip 
displacement are analyzed and an attempt is made to provide inter-correlations among different contact parameters, incor-
porating experimental stiffness and realistic displacement thresholds into the theoretical model.

Keywords  Constitutive modeling · Composite interface · Micromechanics · Friction · Tangential stiffness · Microslip 
displacement

1  Introduction

Environmental issues related with the enormous disposal 
of wasted automobile tires in landfills have led the scien-
tific and engineering communities to find effective solutions 
in recycling and beneficially reusing these materials most 
commonly in a shredded form in various projects including 
transportation, infrastructure and geotechnical engineering 
applications [1, 2]. Over the previous three decades, many 
researchers have investigated the properties of recycled 
automobile tires in shredded (and granular) form, pure as 
well as mixed with soils and many studies have indicated 
promising applications in ground treatment and enhance-
ment of soil mechanical behavior [3–16]. This has also 
resulted in ASTM to issue specifications related with the 
use of recycled shredded/granulated rubber in infrastructure 
projects [17, 18]. Sand-rubber mixtures are binary materials 
and their micromechanical behavior is represented by “soft-
rigid” analog contacts. It is therefore important, in order to 
provide insights into their behavior, to further investigate the 

frictional mechanisms at the grain-scale between soil parti-
cle and rubber interfaces, which may contribute to enhanced 
constitutive modeling of these complex materials.

In their multi-scale experimental study on granulated 
rubber-sand composites, Li et al. [15] reported a direct rela-
tionship between bulk strength at the critical state and inter-
particle friction angle. Insights into the behavior of these 
complex (composite) materials have also been observed 
through discrete-based numerical simulations, for example 
using the discrete element method (DEM), which allows 
an investigation into the load transfer and the dominant 
(micro-)mechanisms controling the response of binary and 
composite mixtures. Multi-scale integrated experimental and 
numerical works have also contributed to the state-of-the-art 
literature with respect to the behavior of binary and com-
posite materials [6, 14, 19–26]. For example, Lopera Perez 
et al. [20] investigated, through DEM analyses, the influence 
of relative sizes of rubber and sand grains on the small-to-
medium strain mechanical behavior of binary mixtures and 
they reported a positive contribution of the deviatoric stress 
to the behavior of the binary material through the more prev-
alent contribution of the sand-rubber contacts when rubber 
size increased. Lopera Perez et al. [21] further reported that 
the stability of sand-rubber binary mixtures was contrib-
uted by the interplay between sand-rubber and sand-sand 
contacts. Such a contribution was related to the positive (or 
negative) relationship between contact development and 
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deviatoric stress influencing the normal contact force ani-
sotropy and varied with rubber fraction. These numerical 
results showed a qualitative agreement with the experimen-
tal studies by [7, 27, 28] on that the content of rubber and the 
relative size of sand against rubber particles are two key fac-
tors in assessing the dominant mechanisms which control the 
behavior of these binary materials as the preferable response 
is the one that corresponds to sand-dominant or sand-rubber 
transitional zone of behavior, rather than rubber-dominant 
behavior.

The importance of the contact and frictional behavior of 
interfaces as well as grain morphological and elastic charac-
teristics on the bulk constitutive response of granular mate-
rials has been acknowledged by many researchers through 
experimental works [15, 29–31] and theoretical/numerical 
studies [32–41], or combining advanced testing with com-
puter simulations [42, 43]. The coefficient of interparticle 
friction (μ), which, in turn, is affected by material type 
and morphology, influences the dilation behavior, the bulk 
strength and the energy dissipation of particulate materials. 
Contact mechanics studies have also analytically investi-
gated and/or modeled the problem of interacting bodies in 
the presence of rough surfaces [44–48].

Despite the enhancements in the state-of-the-art knowl-
edge from micromechanical-based discrete simulations 
and contact mechanics model development investigating 
the grain-scale and multi-scale behavior of granular mat-
ter, less progress was reported over the previous decades 
on the experimental micromechanical response of granular 
materials. This would be particularly useful in the analy-
sis of granular materials which display strong interlinks 
between micro- and macro-scale responses [49–53]. New 
generation of laboratory setups were presented in recent 
years, which allowed the experimental investigation into 
the contact problem of powders and grains with applica-
tions in studies of geomechanics and engineering geology 
problems, petroleum engineering as well as in fundamental 
studies in physics and mechanics disciplines [29, 54–61]. 
Based on this, significant progress was reported in recent 
years on the tribological behavior of natural soil grains and 
other natural or engineered interfaces and many studies 
[86, 87, 93, 94] emphasized on the important influence of 
surface roughness, morphology at the small-to-meso scale, 
hardness and Young’s modulus on the interface friction and 
tangential load—displacement (constitutive) behavior of 
contacted bodies [62–64]. Following the experimental con-
figuration presented by Senetakis and Coop [55], He et al. 
[60] developed an apparatus which provided insights into 
the friction-shearing velocity relationship for sand and sand-
rubber composite contacts, which study also reported on the 
energy dissipation of binary materials.

Rubber in granulated or shredded form, comprises an 
excellent composite for treatment of weak soils such as 

chemically weathered rocks which have very crushable 
grains as the addition of soft rubber granules mitigates sand 
grain breakage contributing to the reduction of settlements 
[15, 16]. Thus, on a practical standpoint, ground treatment 
with rubber may provide beneficial solutions in improving 
the performance of engineered soils. Because of their high 
energy dissipation capacity, rubber has also been proposed 
and examined through laboratory research works and theo-
retical studies to be used as an alternative and of low-cost 
seismic isolation measure for superstructures and earth sys-
tems [28, 65].

Understanding the fundamental mechanisms contributing 
to the bulk behavior of binary materials, such as sand-rubber 
mixtures, necessitates more systematic studies to be per-
formed at the grain-scale. An important aspect of this is the 
evaluation of the applicability of contact mechanics models, 
commonly used in the simulation of discrete materials, on 
the performance of soft-rigid types of contacts. In the pre-
sent work, a comprehensive grain-scale laboratory research 
was carried out investigating the tribological behavior of 
sand-rubber composite interfaces using two different types 
of natural sand; a benchmark quartz-type sand and grains 
from a saprolite extrusive igneous rock. The emphasis of 
the study was placed on both the frictional response (inter-
particle coefficient of friction) and the constitutive behavior 
of the composite interfaces in terms of tangential (or shear-
ing) force—displacement relationship, which can provide 
quantification of contact stiffness. All these parameters are 
important to be obtained from experimental observations 
in order to constitute a basis for discrete-based numerical 
input parameters as well as to understand at the fundamental 
level of grain-scale the differences in the responses between 
binary interfaces in which different sand types are used.

2 � Methodology

2.1 � Material description and testing apparatus

The grain-scale (interface) experiments were performed with 
a custom-built micromechanical apparatus [55, 58, 62]. A 
schematic illustration of the experimental setup is given in 
Fig. 1.

The apparatus consists of two horizontal loading arms 
positioned orthogonally, and one axis positioned in the 
vertical direction. The inherent friction of the system is 
minimised by using a set of chrome steel balls beneath the 
guiding sled and frictionless linear guides equipped at the 
different mechanical connections of the apparatus. Dur-
ing the tests, one of the two horizontal systems applies the 
shearing at the contact of the grains, while the desired nor-
mal load is applied through the vertically positioned system; 
the second horizontally placed system is used, primarily, 



On the contact problem of soft‑rigid interfaces: incorporation of Mindlin‑Deresiewicz and…

1 3

Page 3 of 17     28 

in maintaining the stability of the system in the out-of-
plane direction, or the use of more complex loading paths. 
This experimental setup uses high precision load cells and 
non-contact displacement sensors as well as high quality 
amplifying and filtering systems allowing in this way the 
resolution of forces and displacements in a way that contact 
stiffness can be computed.

Micromechanical experiments were performed at the 
interfaces of rubber–sand specimens using particles of 2 to 
5 mm in size. The rubber is produced from the shredding 
process of recycled tires. In the present study, the rubber is 
classified as “granulated rubber” based on ASTM specifica-
tions [17], and the polymeric grains selected for the experi-
ments had relatively flat surfaces (resulting in zero local 
curvature, or infinite radius, in the vicinity of the contacts). 
For sand grains, two different materials were selected as: (1) 
Leighton Buzzard sand (LBS) and (2) completely decom-
posed volcanic grains (CDV). LBS consists of quartz grains 
with regular shape (i.e. relatively spherical and rounded 
grains) and smooth surface texture. This is a benchmark sand 
which has also been investigated in previous works [66, 67]. 
CDV is composed of weathered extrusive to shallow intru-
sive rock and it has formed a clay-type of coating on the 
surfaces of the grains because of the chemical weathering 
of the parent rock. Scanning electron microscopic (SEM) 
images of the different materials used in the study are given 
in Fig. 2. The roughness of both LBS and CDV has been 
assessed based on white-light interferometry measurements 
[66, 68], and the data are summarised in Table 1.

2.2 � Testing program

Monotonic shearing tests were performed on two types 
of composite interfaces including: (1) LBS-rubber and 
(2) CDV-rubber and additional tests were performed on 
pure sand grains and pure rubber grains to assess their 

tribological properties, while the applied normal load (FN) 
was equal to either 1 N or 2 N for each test (i.e. shearing 
for each sample was carried out at a constant normal load). 
In a granular assembly subjected to macroscopic stress, the 
normal force at each contact varies greatly in more than one 
order of magnitude, hence it’s not feasible to specify the one-
to-one relationship between normal load and external stress 
level. The normal load was so selected to be compared with 
benchmark values from previous micromechanical-based 
works [60, 69].The code names of the specimens are: (1) 
C-R-1 N (2) C-R-2 N (3) L-R-1 N (4) L-R-2 N to repre-
sent the different testing materials (“C”: "CDV", “R”: "rub-
ber", L: "LBS") and the applied normal load (1 N or 2 N). 
For each type of composite interfaces, 20 pairs of grains 
were sheared monotonically at a velocity of 0.2 mm/h. Note 
that for pure sand specimens of LBS-LBS and CDV-CDV, 
the experiments were carried out at a shearing velocity of 
0.1 mm/h and the shearing velocity was set to be 0.2 mm/h 
for rubber-rubber interfaces.

3 � Results and discussion

3.1 � Monotonic shearing of composite interfaces: 
General observations on friction

Representative plots of shearing force—displacement for 
different types of interfaces are given in Fig. 3 correspond-
ing to 1 N of normal load and a summary of the whole set of 
experiments is given in Table 2 (for pure sand and pure rub-
ber contacts) and Tables 3 and 4 (for composite interfaces of 
LBS-rubber and CDV-rubber). In these tables, μ represents 
the interface (interparticle) coefficient of friction, KT0 rep-
resents the initial tangential stiffness, and ds represents the 
slip displacement.

Fig. 1   Schematic diagram of the 
micromechanical testing setup
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For pure LBS-LBS and CDV-CDV specimens, the 
interparticle coefficient of friction was much lower com-
pared with that of sand-rubber contacts and also the slip 
displacement was significantly shifted for the composite 
interfaces to larger values compared with that of the pure 
sand. The micro-slip displacement (after [70]), denoted 
as ds, is defined as the threshold shearing displacement 
where a steady-state sliding is reached (or alternatively, 

the tangential stiffness reaches zero) so that the interface 
enters the fully plastic regime of behavior.

For pure LBS contacts, for the set of five experiments per-
formed in the study on different pairs of grains, the average 
coefficient of friction (μ) was equal to 0.19, while for pure 
CDV contacts, based again on a set of five different speci-
mens, the average (μ) was found to be equal to 0.43. Despite 
some scatter in the data, these values (range and average 
values) are within the reported (μ) by [66] for pure LBS 
and by [68] for weathered volcanic granules. The experi-
ments on pure rubber specimens showed very high values 
of (μ), ranging from 0.79 to 0.92 (Table 2) and similarly, 
very high friction was found for the composite interfaces of 
LBS-rubber and CDV-rubber. For each class of composite 
interfaces, the coefficient of friction had a significant scat-
ter, with values ranging from 0.3 to 1.5 and an average (μ) 
of, approximately, 0.9, while for pure rubber interfaces the 
values agreed well with reported data on industrial rubber 

Fig. 2   SEM images of representative grains of a Rubber, b LBS and c CDV

Table 1   Representative roughness and hardness values of LBS and 
CDV particles

Material Code Roughness (nm) Hardness (GPa)

LBS [66] 223 4.9
CDV[68] 950 –
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tested at room temperature [71–74]. Considering the scat-
ter in the data, probabilistic-based analyses could be imple-
mented in future studies in modeling the behavior of com-
posite interfaces; this type of analysis could be particularly 
useful in direct implementation of input parameters in DEM 
simulations of granular and composite materials.

It was observed that the increase in normal load from 
1 to 2 N, resulted in slightly decreased values of friction 
(particularly comparing the average values of μ between 1 
and 2 N of normal load). Despite the scatter, the negative 
relationship between normal load and coefficient of friction 
shows consistency with the pioneering work by Schallamach 

[75], which study explained the load dependency of fric-
tion on the variation of the true contact area. For pure sand 
grain contacts, even though most studies have not shown 
any relationship between friction and normal load, the study 
by Sandeep and Senetakis [76] showed a slight decrease 
of friction (μ) as the normal load increases. For composite 
interfaces however, recent studies published in the literature 
show a dependency of μ on the applied normal load; this 
was reported for both composite interfaces of sand grain 
sliding on softer FRP (fiber-reinforced polymer) interface 
by He t al. [77] and proppant (natural particle) sliding on 
softer shale rock by He and Senetakis [78] and He et al. [79]. 
The dependency of the interparticle friction on the magni-
tude of normal load is desirable to be considered in DEM 
simulations (similar to the study by [19]), provided that a 
complete characterization of the normal load-dependency of 
interparticle friction at the grain-scale is implemented based 
on experimental investigations; this can be a promising area 
of research in future studies.

Compared with the friction of the sand grain contacts 
(LBS-LBS, CDV-CDV), two mechanisms contribute to the 
higher interface friction for rubber and composite interfaces 
(after [73]): (1) molecular adhesion (adhesive friction) for 
very smooth surfaces and (2) energy losses in the presence 
of ploughing mechanism for rough and rough-smooth con-
tacts (sliding friction). The study by Pinnington [80] further 
supported that the sliding friction becomes the dominant 
mechanism only when the surface wavelength (expressing 
the surface topology at the small scale) is smaller than the 
rubber molecules. Given that LBS and CDV are two sands 
of extremely different morphological characteristics and 
properties (though both materials are “rough” in a contact 

Fig. 3   Representative shearing 
(tangential) force – displace-
ment curves based on the 
experiments

Table 2   Monotonic shearing tests on LBS, CDV and rubber inter-
faces (rigid-rigid and soft–soft contacts)

Material Shearing 
rate (mm/h)

FN (N) μ KT0 (N/mm) d
s
 (μm)

LBS-LBS 0.1 1 0.18 236 3
0.1 1 0.22 288 2.5
0.1 1 0.15 200 2
0.1 1 0.27 127 7
0.1 1 0.11 150 3

CDV-CDV 0.1 1 0.38 57 25
0.1 1 0.40 48 25
0.1 1 0.64 77 35
0.1 1 0.35 125 20
0.1 1 0.39 77 30

Rub-Rub 0.2 1 0.79 4 300
0.2 1 0.81 6 310
0.2 1 0.92 4 600
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mechanics context), the very similar friction values between 
LBS-rubber and CDV-rubber imply that the magnitude of 
surface roughness and other characteristics, which may con-
tribute to the differences between the two sands, are very 
minor contributing mechanisms in the frictional behavior 
of the composite interfaces, and that rubber, which is a very 
soft material with viscous behavior controls the friction. It 
is noted that Tian et al. [81] quantified the surface roughness 
of rubber particles and reported an average (RMS) value of 
approximately 2 microns, which is about 2 times greater 
than that of the CDV particles and 8 times greater than that 
of LBS. Despite some influence of the sand grain type, the 
study by [81] also reported a dominance of the rubber in the 
normal contact response of sand grain-rubber interfaces sub-
jected to cyclic loading, with an approximate reduction of 

the normal contact stiffness of one to two orders of magni-
tude from the pure sand grain contacts to sand grain-rubber 
composite interfaces (note that the study by [81] investigated 
a broad range of sand particles, from LBS, to weathered gra-
nitic particles as well as grains from basaltic crushed rock). 
In the shearing direction (results of the present study), it 
would be expected that the asperities of the LBS sand grains 
penetrate the much softer surface of the rubber, while for 
CDV-rubber, even though some penetration might contribute 
to the frictional mechanisms, the interface is expected to be 
influenced by the heavy coating of microparticles on the 
surfaces of the weathered grains; despite these potentially 
different mechanisms, on a “bulk” scale of grain-over-rubber 
interface, the properties of the rubber overwhelmingly con-
trol the interface response, which is also supported by the 

Table 3   Monotonic shearing tests on sand-rubber (soft-rigid) contacts and associate model parameters

Test Number L-R-1 N L-R-2 N C-R-1 N C-R-2 N

μ KT0 (N/mm) d
s
 (μm) μ KT0 (N/mm) d

s
 (μm) μ KT0 (N/mm) d

s
 (μm) μ KT0 (N/mm) d

s
 (μm)

1 1.03 20.19 310 1.25 43 550 0.86 27.54 240 0.81 19.5 490
2 0.94 32.42 240 0.95 30.5 480 0.97 28.92 200 0.91 38.67 430
3 0.92 44.64 220 0.63 25.59 200 1.13 21.17 200 1.25 44.42 540
4 0.81 32.76 270 1.20 13.58 570 0.34 18.99 140 0.95 20.18 360
5 1.16 34.48 400 0.94 18.00 490 1.50 26.72 420 0.88 22.16 350
6 0.91 15.78 300 0.9 28.16 405 0.97 22.48 220 0.98 24.3 350
7 1.39 35.74 460 0.62 19.51 320 1.05 39.32 300 0.75 21.82 270
8 0.98 31.94 310 0.98 46.07 370 0.99 19.08 300 0.71 26.48 300
9 0.98 21.52 260 0.76 51.99 360 1.27 24.64 350 0.58 37.04 190
10 1.31 22.26 370 0.76 35.68 245 0.95 23.21 300 0.88 12.27 450
11 0.99 17.91 200 0.86 36.16 210 0.79 24.64 310 0.79 51.01 330
12 1.08 24.64 360 0.85 42.15 370 0.79 12.60 120 0.99 20.10 520
13 0.93 23.88 360 0.59 14.40 310 0.35 24.21 160 0.62 15.2 240
14 0.62 12.60 200 0.92 17.55 400 0.76 15.14 170 1.25 14.05 530
15 0.87 16.76 130 1.03 21.86 430 0.61 26.13 180 0.95 21.84 490

Test-Number L-R-1 N L-R-2 N C-R-1 N C-R-2 N

μ KT0 (N/mm) d
s
 (μm) μ KT0 (N/mm) d

s
 (μm) μ KT0 (N/mm) d

s
 (μm) μ KT0 (N/mm) d

s
 (μm)

16 0.71 29.13 210 0.82 33.24 355 1.19 17.61 400 0.48 46.95 110
17 0.55 25.21 170 1.21 43.91 600 1.00 23.79 295 0.43 29.34 160
18 0.73 19.94 230 0.70 45.66 400 0.90 14.4 250 0.86 31.39 410
19 0.84 22.03 260 0.97 30.02 455 1.05 29.12 300 0.75 32.22 320
20 0.93 4.93 310 0.90 27.44 410 0.80 27.36 230 0.7 32.92 480

Table 4   Summary of interparticle friction, tangential stiffness and micro-slip displacement values on soft-rigid interfaces

L-R-1 N L-R-2 N C-R-1 N C-R-2 N

μ KT0 (N/mm) d
s
 (μm) μ KT0 (N/mm) d

s
 (μm) μ KT0 (N/mm) d

s
 (μm) μ KT0 (N/mm) d

s
 (μm)

MV 0.93 28.76 270 0.89 31.22 396 0.91 25.96 247 0.83 28.09 366
StD 0.22 10.60 93 0.19 11.62 113 0.28 7.10 84 0.22 11.09 128
CoV 0.23 0.37 0.34 0.22 0.37 0.28 0.31 0.27 0.34 0.26 0.39 0.35
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subsequent discussion on the tangential force–displacement 
relationship, contact stiffness and microslip displacement.

3.2 � Microslip displacement and tangential stiffness

Pure rubber interfaces displayed a micro-slip displacement 
of around 250–300 µm, which is, on average, one order of 
magnitude greater than that of pure CDV interfaces. Sand-
eep and Senetakis [67] reported a strong dependency of the 
micro-slip displacement, which controls the constitutive 
behavior of interfaces, on material hardness and Young’s 
modulus (as well as surface roughness). Between LBS and 
CDV, LBS grains are harder (i.e. of greater micro-hard-
ness values) and also of much greater elastic modulus (i.e. 
Young’s modulus and shear modulus) so that the micro-slip 
displacement found from the experiments on LBS-LBS 

interfaces is almost one order of magnitude smaller than 
that of CDV-CDV interfaces. However, for LBS-rubber 
and CDV-rubber, the slip displacement, the coefficient of 
friction, and overall, their interface constitutive behavior, 
are heavily influenced by the rubber (which rubber has 
extremely low Young’s modulus compared with that of 
geological materials) so that, as also shown in the data of 
Tables 2 and 3 and the bar graphs in Fig. 4, LBS-rubber 
and CDV-rubber specimens displayed very similar behavior 
which was almost independent on the type of sand grains, 
i.e., the rubber component has a dominant influence on the 
frictional response of the composite interfaces.

An important parameter in the characterization of the 
constitutive behavior of interfaces is the tangential stiffness. 
Despite the scatter in the data for the pure sand grain con-
tacts (Table 2), it is observed that LBS specimens have much 

Fig. 4   Standard deviation and mean values of the different contact parameters evaluated experimentally a initial stiffness, b coefficient of friction 
and c micro-slip displacement
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greater values of initial tangential stiffness, KT0 (defined at 
the smallest possible resolvable displacements), almost 
three times higher on average, compared with that of CDV 
interfaces. These values, for both LBS and CDV specimens 
fall within the range of data reported by [62, 69, 76] for 
quartz and weathered volcanic sand grain contacts. How-
ever, the data suggested extremely low KT0 values for pure 
rubber interfaces, which are about one order of magnitude 
smaller than that of CDV. For composite interfaces, the data 
in Table 3 and Fig. 4 would suggest that the KT0 values are 
much lower compared with that of pure sand grains. KT0 
values slightly increased by approximately 8–10% (from 
28.8 to 31.2 N/mm for LBS and from 26.0 to 28.1 N/mm 
for CDV), when the applied normal load increased from 1 
to 2 N. The relatively similar values of KT0 for both types of 
sands compared with that of sand-rubber contacts also sug-
gest that the rubber overwhelmingly controls the behavior 
of the composite interfaces.

3.3 � Discussion on the observed frictional behavior 
of composite interfaces based on Mindlin 
theory

While the (μ) values of the composite interfaces are found 
to be very similar with that of pure rubber, KT0 values are 
somewhat greater for the composite interfaces compared 
with that of pure rubber. The composite shear modulus of 
the sand-rubber interface would be dominated by the modu-
lus of the rubber itself, as rubber has substantially lower 
stiffness compared with that of the natural sand grains.

Based on Mindlin theory [82], the relative tangential 
displacement in the non-slip condition (at the beginning of 

the shearing) is composed of the elastic deformation of the 
two contacted bodies, i.e., sand and rubber, as illustrated in 
Fig. 5.

In Fig. 5, points S0 and R0, are coincident points at sand 
and rubber surfaces before the application of the tangen-
tial force. The initial relative displacement ( �d

0
 ), and the 

deformation of sand and rubber ( �S and �R ) at the incipient 
stage of sliding evolve in such a way that the two coincident 
points are displaced at their new locations S1 and R1 under 
the action of a tangential force FT0. Assuming that the con-
tact area follows Hertz theory [83], the relative deformation 
between S0 and R0 equals to the summation of the elastic 
shear deformation at the two points:

In Eq. (1), � is the Hertzian contact area ( � = (
3RFN

4E∗
)
1

3 , 
where 1

E∗
=

1−v2
l

El

+
1−v2

u

Eu

 ). R and FN are the equivalent contact 
radius and applied normal force, respectively. Er,vr,Gr and 
Es,vs,Gs represent the Young’s modulus, Poisson's ratio and 
shear modulus of rubber and sand (subscript “r” for the rub-
ber and subscript “s” for the sand). Given that both �d

0
 and 

FT0 increase from zero, the initial stiffness KT0, yields as the 
equation of Mindlin-Deresiewicz model [84]:

In Eq. (2), G∗ =
(

(
2−vs

Gs

+
2−vr

Gr

)
)−1

.
Compared with the tangential loading of the sand-rubber 

composite interface, the rubber-rubber contact is expected 

(1)�d
0
= �S − �R =

FT0

8�
(
2 − vr

Gr

+
2 − vs

Gs

)

(2)KT0 =
FT0

�d
0

= 8(
3RFN

4E∗
)
1

3G∗

Fig. 5   Schematic illustration of 
the relative displacements at the 
incipient stage of inter-particle 
shearing for soft-rigid interface
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to have (i) smaller in magnitude equivalent shear modulus 
G∗ , and (ii) larger contact area ( 3RFN

4E∗
)
1

3 because of their lower 
elastic modulus. Suppose that G* is related with E* in the 
same manner shear and Young’s moduli are connected 
through elasticity theory (i.e., E =

G

2(1+v)
 ); in this case the 

initial tangential stiffness can be expressed as:

where C is a constant which is independent on the con-
tact type (i.e., rubber-rubber or sand-rubber) and it is only 
determined by the contact radius R and the normal force FN. 
Based on Eq. (3), the decrease in G* will lead in a decrease 
of stiffness KT0 . It may therefore be implied, on a qualita-
tive standpoint, that KT0 is always expected to be lower for 
rubber-rubber compared with sand-rubber contacts.

(3)KT0 = C(G∗)
2

3

3.4 � Statistical data analysis: correlation 
between friction and slip displacement 
and linkage between microscopic observations 
with reported macroscopic test results

Representative curves of LBS-rubber and CDV-rubber with 
illustration of the microslip displacement for each case, are 
given in Fig. 6.

Despite the scatter in the data, it is observed that, in gen-
eral, curves which display higher values of tangential (or 
shearing) force also display greater values of microslip dis-
placement, so that this may imply that there is a possibility 
to provide a correlation between tangential force (or friction) 
and the slip displacement threshold.

For LBS-rubber and CDV-rubber, an attempt is made 
to provide different correlations of (i) initial stiffness, (ii) 
coefficient of friction and (iii) micro-slip displacement 
(ds). To illustrate the potential inter-variable dependency, 
statistical characteristics of these three parameters are fur-
ther compared in Fig. 7 for LBS-rubber and in Fig. 8 for 
CDV-rubber. Subfigures in diagonal positions display the 

Fig. 6   Experimental shearing force—displacement curves of soft-rigid contacts under different normal loads and associated micro-slip displace-
ments a LBS-rubber-1 N b CDV-Rubber-1 N c LBS-Rubber-2 N d CDV-Rubber-1 N
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histograms of each variable, while the rest show the cor-
relation between elements in row and column.

It is seen in the histograms that some non-uniform dis-
tributions can be identified, which spread in a wide range. 
However, the exact distribution type may not be of major 
interest to be further analyzed in the present study, but it 
is rather intended to explore possible correlations between 
friction, stiffness and slip displacement. For the non-diag-
onal subfigures, the low R2 (coefficient of determination) 
for KT0—μ and K T0–ds relationships suggest that the ini-
tial tangential stiffness does not have a direct correlation 
with the interface friction or the microslip displacement. 
However, a clear correlation, despite the scatter, can be 
observed between friction and microslip displacement 
(R2 >0.6) for all the different classes of interfaces. Sand-
eep and Senetakis [67] verified with experiments that the 
microslip displacement of pure LBS is inversely propor-
tional to the product of shear modulus, contact area and 
square root of material hardness, and it increases with 

the increase of the coefficient of friction, as described by 
Eq. (4):

where HN denotes the hardness of the material while the 
other terms follow the definition in the previous discussion.

In this study, the contacts over rubber exhibit much 
softer hardness and shear modulus and larger friction so 
that Eq. (4), which was derived from pure sand grain con-
tacts, can also explain, qualitatively, the occurrence of the 
larger micro-slip displacements for the composite interfaces. 
In particular, the positive correlation between � and ds in 
Eq. (4) agrees with the experimental observations in Figs. 7 
and 8.

The results on sand-rubber interfaces highlight the sig-
nificant shift of the non-linear elastic–plastic regime of 
behavior compared with that of pure sand grain contacts, 

(4)ds =
9(2 − �)�FN

16G�
√

HN

Fig. 7   Relative frequency of contact parameters and associated scatter plots between different variables of LBS-rubber interfaces
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which, in turn, may provide micromechanical-based 
explanations on the observed influence of rubber inclu-
sion, even at small percentages, on the increase of the 
non-linear range of behavior as reported in macroscopic 
experiments by [28]. Despite the increase in compress-
ibility when rubber is added in soil mixtures, the very high 
interparticle friction at the contacts of sand-rubber (and 
rubber-rubber) can also provide some qualitative explana-
tions of the positive contribution of sand-rubber contacts 
in the load carrying mechanisms of sand-rubber mixtures 
as reported in the DEM studies by [20, 21]. Previous stud-
ies have reported satisfactory strength characteristics of 
sand-rubber mixtures, both in terms of peak strength and 
critical state behavior [3, 9, 11, 16]; even though attempts 
have been made to explain this contribution of rubber on 
the mobilization of its tensile resistance, the results in the 
present study suggest that the increase in interparticle fric-
tion may have a dominant contribution, as also the study 
by Li et al. [15] would suggest.

However it is also acknowledged, regarding a granular 
assembly which consists of rigid and soft grains, that the 
contact loading state can be very complex in a way that 
both the magnitude and direction of the normal and tan-
gential forces vary simultaneously. The observed interac-
tions between soft and rigid phases including twisting, 
squeezing and separation [85] could be more complex 
considering other effects, such as rubber fraction, size 
ratio and rubber shape [86, 87]. Reproducing the realistic 
interaction in experiments is a complex and challenging 
task; hence the advancement of numerical tools such as 
algorithms given by Mollon [88] or Nezamabadi et al. [89] 
can be very promising. However, the power of numerical 
tools can be further enhanced with the benchmark proper-
ties at the composite interfaces derived from the “simpli-
fied loading state”.

Fig. 8   Relative frequency of contact parameters and associated scatter plots between different variables of CDV-rubber interfaces
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3.5 � Application of the Mindlin‑Deresiewicz (M‑D) 
model accounting for experimental stiffness 
but exclusing the self‑deformation of rubber

Mindlin-Deresiewicz model referred to as M-D model [84], 
considers a case of identical elastic spheres in contact and 
describes the tangential contact stiffness reduction with 
increasing tangential force. This non-linear model has been 
extensively reported in discrete-based modeling of granular 
materials, and is expressed as:

In Eq. (5), Kt
n and FT

n correspond to the tangential stiff-
ness and tangential force, respectively, during shearing at the 
nth displacement increment. � and FN denote the coefficient 
of friction and the applied normal load, respectively. KT0 
is the initial tangential stiffness, whose theoretical value is 
displayed in Eq. (6). Note that each notation in Eq. (6) fol-
lows the definition in Eqs. (1)-(2).

The theoretical tangential stiffness KT0 in the M-D model 
is calculated based on the contact radius and elastic modulus 
of the materials. Recent works [58, 90–93] would suggest 
that implementing, directly, the original M-D model, to fit 
the experimental tangential load–displacement curves is 
highly ineffective and that modifications of the model, or 
alternatively, implementation directly into the M-D expres-
sion of the measured tangential stiffness is necessary to pro-
vide better matching between experiment and model predic-
tion. Hence in this study, KT0 implemented into the M-D 
model refers to the experimental stiffness (i.e. stiffness listed 
in Table 3) for each attempt of fitting unless otherwise speci-
fied. Figure 9 displays representative attempts to fit the M-D 
model to the experimental curves for CDV-rubber and LBS-
rubber contacts under normal loads of 1 N in Fig. 9a and 2 N 
in Fig. 9b. These data show that, even though experimental 
tangential stiffness is used, there is poor matching between 
M-D model and laboratory-based results.

In specific, the M-D model highly underestimates the 
microslip displacements, thus leading to a much faster 
reduction of stiffness and early entrance into the fully plas-
tic regime of behavior. It is noted, as also mentioned in the 
studies by [67, 90], that it is not only the initial tangential 
stiffness, but, perhaps, also the rate of stiffness reduction that 
should be taken into account for realistic implementation of 
the M-D model in capturing the behavior of real soil grain 

(5)Kn
t
= KT0(1 −

Fn−1
T

�FN

)
1

3

(6)KT0 =
8aG∗

2 − v

(7)Fn+1
T

= Fn
T
+ Kn+1

t
Δdt

contacts. In their grain-scale study on interfaces of pumice, 
He and Senetakis [91] proposed an alternative approach in 
dealing with this problem by correlating interparticle fric-
tion with the power-value of the M-D model, which, indi-
rectly, takes into account the micro-slip displacement. For 
sand-rubber interfaces, the mismatch between M-D model 
and experimental curves is overwhelming, even though 
experimental initial stiffness values are used.

The original M-D model established the non-linear rela-
tionship between shearing and the accumulation of relative 
displacement of the interfaces, as expressed in Eq. (1). The 
accurate measurement of such displacement is too subtle for 
any micro-mechanical experiment on sand grains and hence, 
an approximation was adopted for the shearing problem of 
rigid sand in such a way that the measured displacement of two 
grains is considered as the relative displacement of the inter-
faces, i.e., Δdt in Eq. (7) denotes the shearing displacement of 
two grains. However, such an approximation becomes prob-
lematic for soft bodies such as rubber, for which the shear force 
is so large that the self-deformation is no longer negligible. In 

Fig. 9   Implementation of Mindlin-Deresiewicz model in the fitting 
process of experimental curves considering experimental initial tan-
gential stiffness but without consideration of the self-deformations of 
the rubber
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other words, the experimental shearing displacement might 
have, inherently, overestimated the relative displacement of the 
sand and rubber, because of the higher coefficient of friction 
as well as the lower shear modulus of the composite interface. 
Thus, the self-deformation of rubber might have also contrib-
uted to the discrepancies between experimental and theoretical 
curves, indicating that a correction to the measured shearing 
displacement might be a rational approach to be applied. In 
this study, an attempt of modifying the existing model is pro-
vided by addressing the mismatch of the experimental values.

3.6 � Modification of the M‑D model: correction 
taking into account the self‑deformation 
of rubber

It was attempted to split the experimentally measured dis-
placement (d) into the relative displacement (dr) and the self-
deformation displacement, assuming dr is proportional to 
the shearing force. Since each shearing displacement value 
on each curve corresponds to a single shearing force before 
micro-slip occurs, a function g(d) is postulated, hypothesising 
that dr = g(d)d and that g(d) and d follow a linear relation-
ship (i.e., g(d) = ad + � ). For simplicity, the total shearing 
displacement can be further normalized by the micro-slip dis-
placement ds, so that g(d) is expressed in Eq. (8).

where, the relative displacement, can be defined 
as: dr = g(d)d = �

d2

ds
+ d�.

M-D model (Eqs.  (5)-(7)) describes the relationship 
between incremental shearing displacement Δd and tangen-
tial stiffness KT. Alternatively, the M-D model can also be 
expressed in terms of the total displacement and the shearing 
force [94], as displayed in Eq. (9):

Each term in Eq. (9) keeps the same physical meaning 
as the preceding discussion. In particular, Eq. (9) can be 
revised for interparticle shearing between sand and rubber, 
considering that only relative displacement contributes to 
the interface shearing force:

which is equivalent to Eq. (11), as:

(8)g(d) = �
d

ds
+ �

(9)FT = �FN

[

1 − (1 −
2KT0d

3�FN

)
3

2

]

(10)FT = �FN

[

1 − (1 −
2KT0[g(d)d]

3�FN

)
3

2

]

(11)1 − (1 −
FT

�FN

)
2

3 =
2KT0[g(d)d]

3�FN

Differentiating both sides of Eq. (11) with respect to the 
shearing force (i.e. �d∕�FT ) yields the following expression:

Substituting Eq. (8) into Eq. (12), the tangential stiffness 
after correction can be expressed as:

where � and � in Eq. (13) denote two material constants for 
an individual contact and they should satisfy the following 
relationship to ensure g(d) ranges from 0 to 1:

Similar to the fitting process discussed previously, the 
modified M-D model based on Eq. (13) was applied to the 
same set of experimental curves discussed in Fig. 9. Each 
attempt in the modeling process uses different combina-
tion of � and � (with 0.025 spacing) and a Matlab code was 
developed for this iteration process so that to implement a 
least square error approach in the final fitting. A compari-
son between theoretical and experimental curves is shown 
in Fig. 10 based on the aforementioned modifications of 
the M-D model. In this case, the results show a more sat-
isfactory fitting, as the implementation of realistic micro-
slip displacement seems to control the effectiveness of the 
M-D model in representing the behavior of the composite 
contacts. KT0 in this study was calculated as a secant stiff-
ness at 2 μm of shearing displacement, i.e., initial tangential 
stiffness approximates a tangent value, but in reality it is 
computed taking into account a set of points averaging the 
stiffness at the smallest resolvable displacements. Based on 
this, self-deformation of rubber is effectively included. Such 
an approximation slightly underestimates the real KT0 (which 
should correspond directly to the tangent value) after the 
correction is applied, but, based on the methodology and 
experimental procedure, it would not be reliable to pick up 
the very first point (of recorded force and displacement) to 
derive stiffness. Despite that, the modification of the M-D 
model and the corresponding model fitting highlight the 
importance in taking into account “self-deformations” in 
analyzing the micromechanical response of sand-rubber 
composite interfaces.

It should be noted that the self-deformation of rubber was 
considered in an empirical way, rather than based on a rigor-
ous constitutive calculation. In future works, the deformation 
of rubber might be considered more explicitly with the assis-
tance of advanced experimental measurements and the use of 

(12)
1

KT0(g(d) +
�g(d)

�d
d)
(1 −

FT

�FN

)−
1

3 =
�d

�FT

=
1

KT

(13)Kt = (2�
d

ds
+ �)KT0(1 −

Fn−1
T

�FN

)
1

3

(14)
{

0 ≤ � ≤ 1

−
�

2
≤ � ≤

1−�

2
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state-of-art numerical tools, such as a meshfree algorithm as 
proposed by Mollon [86]. Hence the attempt in the present 
study only intends to provide a rational concept to deal with 
the significant mismatch between experiments and theory 
rather than to give a standard solution for the contact problem 
of deformable interfaces (or, more precisely grain-deformable 
block in the present study). The greatly improved fitting, based 
on these considerations, imply that the concept of displace-
ment correction is feasible, at least to some extent, to match 
the inter-particle constitutive response in the modeling process 
of granulated rubber in DEM, where the simulation would be 
very difficult by considering rubber deformations using rigid 
grains [13]. This approach may have further implications to 
other types of problems, for example involving grain-flexible 
barrier interactions in granular flows or the analysis of other 
geosynthetics and composite systems.

4 � Conclusions

Based on the micromechanical test results on sand-rub-
ber interfaces and the subsequent analysis using contact 
mechanics models, the major conclusions from the study 
are summarized as:

1.	 Rubber dominates the contact behavior of sand-rubber 
interfaces in the tangential direction. On average, the 
test results showed higher interparticle friction, lower 
tangential (shearing) stiffness, and much larger micro-
slip displacements for sand-rubber contacts compared 
with that of sand-sand contacts.

2.	 The tribological parameters examined in the study for 
sand-rubber composite interfaces, including friction, 
contact stiffness and micro-slip displacement, were 
found to display scatter in their values, compared with 
those for pure sand grain contacts. This gives some 
promising directions in future works implementing 
probablistic-based approaches in modeling the contact 
problem of sand-rubber interfaces. However, it is needed 
to be noticed that the results and major observed trends 
were very clear (i.e., the way friction, stiffness or micro-
slip displacement are affected by rubber) and they were 
found to be almost independent on the sand type, which 
also implies an overwhelming influence of the rubber 
surface. A positive correlation was found between the 
coefficient of friction and the micro-slip displacement 
indicating a useful guideline in the implementation of 
realistic input parameters in discrete-based numerical 
studies of granular composite materials.

3.	 The application of the Mindlin-Deresiewicz (M-D) 
model to fit the experimental data showed very poor 
prediction (or matching) with what the micromechan-
ical-based laboratory test results showed. This was 
ascribed, predominantly, to the significant underestima-
tion of the micro-slip displacement of the sand-rubber 
contacts from the M-D model. It was hypothesized that 
the self-deformation of the soft rubber under the action 
of shearing forces leads to these discrepancies between 
theory and measurement. Based on this, a “correction” 
process was introduced into the M-D model (i.e., a cor-
rection factor), which process was based on some simple 
assumptions including the contribution of rubber defor-
mation. This led to a modification of the M-D model 
which then provided very satisfactory modeling of the 
experimental tangential force–displacement curves of 
the composite interfaces. The successful application 
of the correction factor into the M-D model may also 
bring some new insights and suggestions in the process 

Fig. 10   Implementation of Mindlin-Deresiewicz model in the fitting 
process of experimental curves considering experimental initial tan-
gential stiffness with consideration of the  self-deformations of the 
rubber
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of reconstructing contact mechanics models which may 
be more applicable for real soil grain interfaces or soil 
grain-composite systems such as sand-rubber.
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