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A B S T R A C T

We investigate the inter-particle tangential force–displacement behavior of a broad range of granular materials.
The major experiments are conducted using a custom-built micromechanical loading apparatus and the emphasis
of the work is placed on the microslip displacement. We show that for all the materials tested, the microslip
displacement increases with the increase in normal force and that extended threshold displacements are ob-
served for rougher and softer grains. An analytical expression proposed in the literature is modified, in-
corporating material micro-hardness in a normalized form, to establish an expression which can be used in
micromechanical-based analysis of problems involving geological materials.

1. Introduction

Micromechanical-based analyses have helped researchers to im-
prove their understanding on the complex behavior of granular mate-
rials including soils and fractured rocks as well as the analysis of large-
scale and multi-scale problems [67,64,23–25,45]. The discrete element
method (DEM) (after [14]) is one of the popular micromechanical-
based computational tools in geomechanics research [50], which nu-
merical tool has gained significant popularity in recent decades. Based
on DEM or coupled FEM/DEM, studies into problems including pene-
tration mechanisms [34], the behavior of railway ballast [43], and the
mechanics of sand-silt mixtures [73] have been conducted providing
important new insights into the complex behavior of granular mate-
rials. Through DEM, complex mechanisms of granular flows and land-
slides [65,44,38,63], the behavior of rocks and sandstone reservoirs
[8,17], weathering and erosion processes [69] as well as the evolution
of the micro-structure in particulate media [41] have been studied
within a particulate framework. DEM has also helped researchers to
explore geo-energy problems, for example the behavior of methane-
hydrate bearing soils [36,35].

Important input parameters in DEM studies comprise the inter-
particle coefficient of friction as well as the normal and tangential force
– displacement relationships at the contacts of soil grains. Even though
significant progress has been made in the development of contact
models for unbonded and bonded grains (e.g. [37,31], DEM researchers

need to make assumptions sometimes for the input properties to be used
in the numerical analysis, which is majorly because of the limited
available experimental data investigating the grain contact behavior of
real soils [1,9]. Iverson et al. [33] mentioned that it is possible to obtain
significant differences in the resultant output from different numerical
models due to the lack of robust equations or parameter values. Cheung
et al. [8], in their numerical study on the behavior of sandstone re-
servoirs, emphasized the importance in obtaining grain contact para-
meters in the laboratory which can enhance the state-of-the-art in the
micromechanical-based study of complex granular materials. It is
therefore stressed that further insights into the grain contact behavior
of real soils are necessary to be obtained in the laboratory so that to
enhance the state-of-the-art in geomechanics and provide a platform for
more realistic models to be produced to be used as input in DEM stu-
dies.

DEM analyses commonly adopt the Hertz [29] and Mindlin and
Deresiewicz [46] models to simulate the force – displacement re-
lationship in the normal and tangential directions of the contacted
grains, respectively (after [40,50]). Based on experiments on real soil
grains and reference materials (e.g. chrome steel balls and glass beads),
researchers have shown that the Hertz model can be used satisfactorily
to fit the experimental normal force – displacement data obtaining
useful information on the Young’s modulus of the contacted surfaces.
However, it has been reported that this model has a limitation on that it
cannot capture the initial regime of soft behavior which is obtained for
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most materials [5,10,47,57,2]. In the tangential direction, there exist
different elastic-plastic models (e.g. [70,3,74]), which focus, majorly,
on the stick condition and they are derived, typically, on the basis of a
limited spectrum of material types. In the recent work by Olsson and
Larsson [51] for elastic-plastic materials, the slip behavior was ac-
counted by considering different plastic responses and varying hard-
ness. Many of the previous studies or developed models are typically
limited to engineered materials, which might be due to the lack of so-
phisticated experimental data for real geological materials. This is
particularly true for real soil grain contacts which follow the sphere-
sphere (or grain-grain) configuration [6,61]. The studies by Nardelli
et al. [48] and Sandeep et al. [54] reported that for real geological
materials, the Mindlin and Deresiewicz [46] model showed poor fitting
to the experimental tangential force – displacement data on Eglin sand
and completely decomposed volcanic granules, respectively. It has been
highlighted in these previous works that adjustments of theoretical
models are needed to be considered so that better fitting can be applied
to the force – displacement relationship of soil grain contacts.

In this study, the inter-particle tangential force – displacement re-
lationship of different geological and reference grains was examined
experimentally, with a focus on the slip (or microslip) displacement
occurred from the laboratory tests. The determination of the slip dis-
placement of contacted surfaces plays an important role in modeling as
well as in characterizing the energy dissipation, fretting and damping
[16,66,7,52,53]. This slip behavior is correlated with different prop-
erties of the tested materials including their friction, surface morpho-
logical and elastic characteristics as well as material hardness.

2. Materials

The micromechanical behavior of chrome steel balls (CSB) and three
naturally occurred geological materials, which included Leighton
Buzzard sand grains (LBS), crushed limestone (LS) and completely de-
composed granite (CDG) were investigated in the current study. These
materials were examined by Sandeep and Senetakis [56] with a focus
on the inter-particle coefficient of friction at a steady-state sliding and
its relationship with the surface roughness and the Young’s modulus of

the contacted surfaces. In the present study, the focus is the investiga-
tion of the force – displacement relationship of the different materials
experimentally with emphasis on the role of material type on the oc-
curred slip displacement.

In Table 1, the properties of the materials tested in the present study
are summarized providing their basic characteristics. The LBS grains
consist of quartz and they are fairly rounded and spherical in shape
with relatively low roughness. The LS grains are composed of crushed
non-clastic rock and they are irregular in shape. CDG is a weathered
rock from Hong Kong, which material is of major interest in tropical
and sub-tropical regions in geotechnical and infrastructure engineering
as well as the study of landslides. It consists of irregularly shaped grains
with very high roughness and part of the original minerals (majorly
feldspars and mica) has been chemically altered to a clay coating on the
surface of the grains. The three geological materials were mechanically
sieved and grains from the fraction 1.18–3.00mm from each material
were used in the study. CSB are of 2mm in diameter and they are in-
cluded in this study, along with the three aforementioned geological
materials, to investigate the differences in the slip displacement beha-
vior across variable material types through micromechanical loading
tests at the interfaces of grains.

The literature suggests that the behavior of interfaces of engineered
and geological materials is significantly affected by surface roughness
[20,28,26,27,56,55]. In the study, the roughness of the materials was
measured with the Veeco NT9300 optical surface profiler at the City
University of Hong Kong to incorporate, qualitatively, this parameter in
the analysis of the micromechanical test results. The vertical scanning
interferometry (VSI) mode was chosen to obtain the surface roughness
owing to its capability to scan large areas of heterogeneous materials
[13]. This VSI mode in the current optical surface profiler allows non-
destructive evaluation of the surface roughness with a high resolution
of 0.1 nm. As described by Sandeep and Senetakis [56], for the mea-
surement of roughness for the different grains, a field of view of
20x20µm was chosen, similar to previous studies by [60,62], and the
effect of the curvature was removed. The surface roughness is presented
as the root mean square (RMS) roughness denoted as Sq based on Eq.
(1).

Nomenclature

AS surface area of indenter
E contact Young’s modulus
E* equivalent Young’s modulus
ΔE percentage energy loss
FN normal force
FTx tangential force at shearing displacement x
G shear modulus of the material
h indentation depth
H Martens hardness
HN normalized hardness
KT

0 intial tangential stiffness from M-D
KT

x tangential contact stiffness at any displacement x
KT

exp2 and KT
the2 experimental and theoretical tangential contact

stiffness at 0.0002mm of tangential displacement

L elastic energy stored
ΔL area of closed loop
R particle radius
u and v number of points in the horizontal plane (for roughness

measurement)
W deviation of each point from mean height (for roughness

measurement)
Sq RMS roughness
α contact radius
β angle between faces of Vickers diamond pyramid
δN displacement in the normal direction
δ and δT

slip
T
slip

(exp) (the) experimental and theoretical (M-D) slip dis-
placement

ν material Poisson’s ratio
µ inter-particle friction

Table 1
Properties of the materials tested in the study.

Material code Material description Diameter (mm) Surface roughness (Sq) (nm) Hardness (H) (GPa) Contact Young’s modulus E (GPa)

CSB Chrome steel balls 2.00 62 ± 19 6.8 173 ± 11
LBS Leighton Buzzard sand 1.18–2.36 223 ± 61 4.9 52 ± 12
LS Crushed limestone 1.18–3.00 670 ± 221 1.2 16 ± 6
CDG Completely decomposed granite 1.18–2.36 1341 ± 390 0.4a 7 ± 3

a Micro-hardness of CDG after Nardelli [47].
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where u and v are the number of points in the horizontal plane (X and Y
horizontal directions) and W is the deviation of each point from the
mean height value (Z-direction). Typical images of flattened three-di-
mensional surface profiles of the geological materials (LBS, LS and
CDG) are shown in Fig. 1 and the surface roughness values of the tested
materials are listed in Table 1 expressed with an average value and a
standard deviation for each material type. Typical scanning electron
microscope (SEM) images of natural soil grains at different magnifica-
tions (100 and 6000x) are displayed in Fig. 2. It is observed in Fig. 2
that the LBS grain is relatively smoother compared to the other two
geological materials. At a higher magnification, the calcite crystals can
be identified on the LS grains. The presence of visible clayey coating is
noticed on the surfaces of CDG, which, as described previously, is be-
cause of the weathering these grains have been subjected to. From
Table 1, it can be observed that the average value and standard de-
viation of surface roughness for the CSB grains are very low
(62 ± 19 nm). However, the surfaces of the natural materials are
rougher in comparison to CSB (Sq equal to 223 ± 61 nm for LBS,
670 ± 221 nm for LS and 1,341 ± 390 nm for CDG).

The chemical composition of the tested materials was obtained
through energy-dispersive X-ray spectroscopy (EDX) analysis. This
technique is used to obtain the composition of constitutional elements
in the material. The average composition of a set of grains from each
material type is listed in Table 2. Silicon (Si), Oxygen (O), Aluminum
(Al) and Iron (Fe) are the major elements present in LBS and CDG.
Higher amount of combined Silicon (Si) and Oxygen (O) elements are
present in LBS as they are the major constituents in forming Silicon
dioxide. Calcium (C), Oxygen (O) and Carbon (C) are the major ele-
ments found in LS grains.

3. Experimental equipment and methods

Two major experimental methods were used in this study; one

method was used to quantify the micro-hardness of the materials and a
second one was used to quantify the force – displacement relationship
and frictional behavior of the grains at their contacts. The micro-
hardness of three of the tested materials (CSB, LBS and LS) was de-
termined using the Fischer-scope HM2000 micro-hardness tester. The
indenter is a standard Vickers diamond pyramid with an angle (β) of
136° between its faces. The indenter can apply a maximum normal force
(FN) of 2 N with a maximum indentation depth (h) of 150 µm.

For the normal and tangential force – displacement study, the
custom built inter-particle loading apparatus described by Senetakis
and Coop [61] and Nardelli [47], present at the City University of Hong
Kong, was used. An image of the current version of the inter-particle
loading apparatus is given in Fig. 3 displaying its various parts. The
apparatus consists of a stainless-steel frame and three loading arms.
Each arm consists of a linear micro-stepping motor, a high-resolution
load cell of 100 N capacity and a precision of 0.02 N, and a non-contact
eddy-current displacement sensor which has a resolution of 10-5mm.
The stainless-steel sled is placed on a bearing system of three chrome
steel balls and a highly polished stainless-steel plate, allowing it to
move across the horizontal plane with minimum friction. The hor-
izontal arms are connected to the sled using various mechanical con-
nections and linear micro-bearing systems. The particles are glued onto
brass mounts of cylindrical cross section of 8mm in diameter and
17mm in height (shown in Fig. 4) and the mounts are placed into brass
wells of a hollow cross-section located on the vertical loading arm
(upper particle) and the stainless-steel sled (lower particle). The fixity
of the mounts into the wells is achieved with laterally positioned
screws. The apex-to-apex position of the grains is achieved by using two
digital micro-cameras placed in two orthogonal horizontal directions as
well as the monitoring of the reaction from the two horizontal load cells
during the setting of the grains in contact. The whole apparatus is
housed inside a Perspex chamber which helps in maintaining the hu-
midity during the tests.

LBS

CDG

LS

Fig. 1. Representative flattened three-dimensional surface profiles of soil grains (detected area of about 20× 20 μm) based on interferometer analysis.

C.S. Sandeep, K. Senetakis Computers and Geotechnics 107 (2019) 55–67

57



4. Major testing program

The major testing program consisted of sixteen inter-particle tests,
which were conducted on four different pairs of grains from each ma-
terial type and each test was conducted at a given normal force ranging
from 1 to 8N under a displacement rate of 0.08 to 0.10mm/h. These
experiments are summarized in Table 3. The major testing program was
used to develop expressions linking microslip displacement to the
morphological and elastic characteristics of the grains. To understand
any possible effect of the displacement rate on the inter-particle friction
and slip displacement behavior, additional inter-particle shearing tests
were conducted on LBS, with sliding velocities ranging from 0.03 to
0.3 mm/h. These experiments are summarized in Table 4. Additionally,

four cyclic shearing tests were conducted on pairs of grains from LBS
and LS in order to link the slip displacement of different material types
with the energy losses during cyclic loading. These experiments, which
are summarized in Table 5, were conducted at a displacement rate of
0.08–0.10mm/h for a displacement amplitude of about 8 μm. A limited
number of micro-hardness tests on six grains from CSB, LBS and LS were
also conducted to determine the Martens hardness of the materials,
while for CDG, micro-hardness values were taken from the literature
[47]. Average values of the obtained hardness for the different mate-
rials are displayed in Table 1. The intention from the major testing
program was to draw some general qualitative and quantitative con-
clusions with respect to the tangential load – displacement behavior of a
broad range of granular materials including real soil grains. Each brand

LBS

LS

CDG

Fig. 2. Representative SEM images of soil grains at two different magnifica-
tions.

Table 2
Chemical composition through EDX analysis of the materials.

Element (%) Material

LBS LS CDG

Si 46.5 – 26.2
O 42.4 35.5 47.7
Al 2.3 – 21.1
Fe 7.9 – 2.4
K 0.4 – 1.2
Mg 0.1 – 0.8
Ca – 43.1 0.6
F 0.3 – –
Mn 0.1 – –
C – 21.4 –

Fig. 3. Inter-particle loading apparatus.

FN

Applica on of normal force Applica on of tangen al force

FN

Shearing of lower grain

2mm

FT

Fig. 4. Images of LBS grains during the application of normal and tangential
force.
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of grains in the study had unique properties in terms of roughness,
morphology of grains and elastic properties (as well as inter-particle
friction). Even though the major testing program is relatively limited,
the significant differences between the four material types can help to
obtain some insights into the role of grain morphology (roughness in
this case) and properties (contact Young’s modulus and hardness) on
their microslip displacement. Based on the developed expression from
the major testing program, additional tests were re-analyzed in the
study from previously published works, as it is described in subsequent
sections, to verify the validity of the simple model proposed, particu-
larly its stronger predictive capacity compared with available theore-
tical models. This can provide a rational basis for DEM modelers to
simulate the force – displacement relationship of real soil grains to be
used as input in discrete numerical analyses.

5. Results and discussion

5.1. Micro-hardness tests

Micro-hardness characterization was conducted on grains with si-
milar morphological characteristics with the grains used for the inter-
particle loading tests. During the experiments with the Fischer-scope
HM2000 micro-hardness tester, the grain is held using a sample holder,
which enables the apex of the particle to be at the same level with the
holder. Polishing of the particles was avoided in this study as it could
affect the residual stress state and the resultant hardness [21,68]. The
micro-hardness tests were conducted in a force-controlled manner at a
rate of 0.05 N/sec reaching the required normal force of 1 N. The micro-
hardness values of the tested materials referring to Martens hardness
(H), were calculated, based on Eqs. (2) and (3), as the ratio of the ap-
plied indentation force (FN) to the surface area (AS) of the indenter
penetrating beyond the zero point of the contact (results are summar-
ized in Table 1).

=H F
A

N

S (2)

=
( )

( )
A

h4 sin

cos
S

β

β

2
2

2
2 (3)

The average value of the Martens hardness for CSB, LBS and LS were
found equal to 6.8, 4.9 and 1.2 GPa, respectively, while the hardness
values of CDG was equal to 0.4 GPa (after [47]). Todisco et al. [68]
conducted micro-hardness tests by gluing the particles onto steel
mounts using epoxy resin and they quantified the hardness only for the
flat surfaces with average values of 6.2 and 1.6 GPa for LBS and LS
particles, respectively. Daphalapurkar et al. [15] used the nano-in-
dentation technique on polished surfaces of quartz sand and reported
an average hardness value of 10.74 GPa. The hardness value from the
previous study by Daphalapurkar et al. [15] is greater than the results
on LBS, which is reasonable to be expected since the surfaces were
polished and also the particular materials may have some differences
with respect to their composition. It is also noticed that LBS grains have
a greasy surface which has been reported to affect its frictional response
[57]. However, the results by Todisco et al. [68] are reasonably close
with respect to the current results since both studies ([68] and present
paper) worked on LBS sand grains, even though these two studies de-
viated in the way that the hardness was measured (i.e. flat vs curved
surfaces).

5.2. Normal contact behavior

Representative curves displaying the normal force (FN) against
normal displacement (δN) for the tested materials are shown in Fig. 5. It
is observed that the FN-δN relationship is non-linear and for most ex-
periments, an initial plastic regime is observed, which has also been
reported for geological and reference materials in previous studies (e.g.
[5,47,56,57]). The great discrepancy in the observed responses between
different pairs of grains in Fig. 5 is because of the different material
types as well as their surface morphological properties. The Hertz
model [29] is fitted to the experimental FN-δN curves to quantify the
contact (or apparent) Young’s modulus and compare the results be-
tween the different grain types. This fitting is based on the following set
of expressions ([29], after [40]):

= ⎛
⎝

⎞
⎠

α 3RF
8E

N
1
3

(4)

=δ α
R

2N
2

(5)

Table 3
Major micro-mechanical testing program (shearing rate= 0.08–0.10 mm/h).

Material Normal
force (N)

Tangential
force (N)

Inter-
particle
friction

δT
slip

(exp)

(µm)

KT
exp2 KT

the2 M-D

(N/mm) (N/mm)

CSB 1 0.10 0.10 1.2 81 2328
2 0.25 0.13 2.3 140 2927
5 0.60 0.12 3.8 254 4098
8 0.67 0.08 2.4 580 4805

LBS 1 0.19 0.19 3.2 275 962
2 0.24 0.12 3.8 204 1374
5 0.96 0.19 6.0 400 1883
7 1.80 0.26 11.0 380 2153

LS 1 0.28 0.28 3.6 225 468
2 0.52 0.26 9.0 272 626
3 1.00 0.33 11.5 333 639
5 1.14 0.23 15.0 480 875

CDG 1 0.70 0.70 22.0 249 290
2 0.59 0.30 10.8 326 362
4 1.83 0.46 24.0 629 455
5 2.65 0.53 32.0 580 498

*Note: Tangential force and inter-particle friction taken at the steady state or
microslip condition.

Table 4
Micro-mechanical tests on LBS grains at different shearing velocities
(FN=1N).

Code Shearing rate (mm/h) Inter-particle friction δT
slip

(exp) (µm)

LBS-0.3-1 0.3 0.16 6.2
LBS-0.3-2 0.3 0.38 7.1
LBS-0.1-3 0.1 0.25 7.5
LBS-0.1-4 0.1 0.29 3.6
LBS-0.03-5 0.03 0.35 6.0
LBS-0.03-6 0.03 0.18 4.8

Table 5
Energy loss based on cyclic shearing tests at a displacement amplitude of
0.008 ± 0.001mm (shearing rate= 0.08–0.10mm/h).

Material Normal force (N) ΔE (%)

LBS 1 61
LBS 5 30
LS 1 46
LS 5 19
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where R is the radius of the spheres in contact taken as R=1mm in the
study, since the grains had a diameter of approximately equal to 2mm,
α is the contact radius, E and ν correspond to the contact Young’s
modulus of the grains and the material Poisson’s ratio, respectively,
while E* is the equivalent Young’s modulus which was used to fit the
theoretical (Hertzian) curves to the experimental data. Illustration of
two ideal spheres in contact with explanation of the different para-
meters of the Hertzian fitting is shown in Fig. 6. It is noticed that the
analysis of the normal force – displacement relationship of geological
materials, which are not perfect spheres, with the Hertz model, can be
conducted by means of local radius consideration. Sandeep and Sene-
takis [57] observed an increase of E of the order of 13–18%, when local
radius was taken into account in comparison to Hertzian fitting using
the average-approximate radius of the grains. However, in the same
study it was reported that the consideration of average radius into the
Hertz model, resulted in a satisfactory comparison between experi-
mentally and theoretically obtained contact radii on LBS grains, com-
pared with the consideration of local radius, at least for the range of
small to medium normal forces.

Based on the Hertzian fitting, it is observed on the representative
curves in Fig. 5 that the pair of grains from chrome steel balls had a
contact Young’s modulus (E) of 142 GPa, which is about three times
greater than the observed E value for LBS. Among the three natural
sands, LBS showed the stiffest response with a Young’s modulus value of
about 2.5 times greater than the crushed limestone grains and about 6.5
times greater in comparison to CDG. For the given set of material types
(CSB, LBS, LS and CDG) and considering a total number of about ten
tests for each type, Sandeep and Senetakis [56] reported that the most
consistent results are observed for CSB, with a standard deviation of the
order of 6% of the mean E value for these reference grains. Greater
discrepancies are observed for geological materials, with a standard
deviation of the order of 23%, 38% and 43% of the corresponding mean
E value for LBS, LS and CDG, respectively.

In the above analysis as well as the reported results by Sandeep and
Senetakis [56], the Poisson’s ratio values used for the fitting of the
Hertzian model were equal to 0.30 for CSB and LS and 0.25 for LBS and
CDG, which values were assumed based on literature sources
[32,72,22,18]. Fig. 7 provides a comparison of different resultant E
values based on different assumptions of the Poisson’s ratio for a given

pair of grains of LBS, so that to understand the impact of the decision
for (ν) value as input on the Hertzian fitting. It is shown that for a
change of (ν) from 0.1 to 0.3, the resultant E decreases from about 55 to
51.5 GPa (change of the order of 6%), which implies that the effect of
Poisson’s ratio is markedly small in the Hertzian analysis of the normal
force – displacement curves.

As mentioned before, most of the experimental FN-δN curves showed
an initial plastic response, which has also been reported as initial soft
behavior in previous works. This initial plastic response is observed to
be very small for CSB, within a range of about 0.05–0.15 μm of normal
displacement, but it becomes noticeable for the geological materials. It
is meant that the Hertzian fitting is in general applicable beyond the
threshold displacement of the occurred initial plastic response. Typical
boundary values of this threshold displacement are displayed in Table 6
for the different material types of the study. For LBS, this range is be-
tween about 0.35 and 0.90 μm, which means that there is an initial soft
behavior and beyond normal displacements of about half to one micron,
Hertzian fitting is applicable. However for the much rougher and softer
grains of LS and CDG, the application of the Hertzian fitting was valid
beyond about 1–2 μm or even beyond 10 μm for some of the experi-
ments. This initial soft response has been attributed to plastic de-
formation of asperities, so that grains of very rough surfaces or lower
stiffness display extended threshold displacements between plastic re-
gime and Hertzian response [5,11,56,57]. Cole and Hopkins [11]
mentioned that this behavior is due to the domination of asperity
contact initially, which asperities are then flatted giving rise to nearly
smooth contact which turns the normal contact response to fit the
Hertzian model. The important role of roughness on the normal contact
behavior of materials has also been acknowledged in earlier studies by
Greenwood and Tripp [19] and Kendall [42].

5.3. Tangential contact behavior

Fig. 8 gives the general representation of tangential force against
displacement behavior at the contact of grains during shearing, where
two major regions can be observed based on Eq. (8) [46,51,71,2].

<F μFT N (8)

The first region expresses a non-linear increase of tangential force

0.0

1.0

2.0

3.0

4.0

5.0

0 0.02 0.04 0.06

N
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m
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e 
(N

)

Normal displacement (mm)

CSB
Hertz-142GPa
LBS
Hertz-45GPa
LS
Hertz-18GPa
CDG
Hertz-7GPa

0.00
0.05
0.10
0.15
0.20

0 0.005 0.01

Fig. 5. Normal force against normal displacement for tested materials along
with Hertzian fitting.

FN

R

N

Fig. 6. Sketch of ideal spheres in contact.

C.S. Sandeep, K. Senetakis Computers and Geotechnics 107 (2019) 55–67

60



with the increase in displacement, whereas the second regime expresses
a plastic region where the tangential force remains constant at in-
creasing displacements. As depicted in Fig. 8, these two regimes are
separated by a threshold displacement, which is termed as the slip (or
microslip) displacement denoted in the study as δT

slip. This threshold
displacement occurs when the tangential force reaches the product of
inter-particle friction and applied normal force. Theoretically, this
means that for a given material type, δT

slip depends on both the normal
force as well as the inter-particle coefficient of friction of the contacted
surfaces so that it is expected that surface roughness and Young’s
modulus of the contacted grains will also play a role in the definition of
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Table 6
Normal displacements corresponding to the application of Hertzian fitting.

Material Normal displacement range (µm)

Min Max

CSB 0.05 0.15
LBS 0.35 0.90
LS 1.00 8.00
CDG 2.00 12.00

Fig. 8. Schematic plot of tangential force against tangential displacement il-
lustrating the slip displacement.
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this threshold displacement.
Representative micromechanical shearing test results on the dif-

ferent geological materials and CSB are shown in Fig. 9(a)–(d), which
results correspond, for each material type, to a normal force of 1 and
5 N. A comparison of the different material types in terms of tangential
force – displacement curves at FN= 5N is given in Fig. 10. Similar to
the theoretical illustration in Fig. 8, the experimental results in terms of
tangential force against displacement for the different material types,
show two distinct regions of behavior in agreement as well with pre-
vious studies on contacted engineered and naturally occurred geolo-
gical surfaces [49,57]. In region 1, the response is non-linear and the
tangential force increases with displacement showing gradual stiffness
reduction. In region 2, microslip/steady state can be observed after the
tangential stiffness reaches zero. The microslip is due to the continuous
break down of the contacting asperities even beyond the slip dis-
placement. In some of the curves from Figs. 9 and 10, a microslip
condition is observed rather than a clear steady state. Previous works
on geological materials (e.g. [12,56,57] have observed the similar be-
havior; this has been attributed to the brittle nature of the contacting
asperities as well as to morphology effects of the grain surfaces. Two
major observations in the experimental results of Figs. 9 and 10 are that
for a given material type, the slip displacement increases at greater
normal forces and for a given normal force, materials of greater
roughness and lower Young’s modulus, which also display greater inter-
particle friction, exhibit extended slip displacements. Fig. 11 shows
representative plots in terms of tangential stiffness (KT) against tan-
gential displacement (δT) at 1 and 5 N of normal force. The tangential
stiffness is obtained by differentiating the tangential force over the
displacement for a set of about six to twelve data points (similar to
[62]). These results emphasize the highly non-linear response of both
reference and natural grains and that beyond displacements of the order
of about 2–20 µm, KT reaches zero. It is acknowledged however, as
expected from the results in Figs. 9 and 10, that for the chrome steel
balls, which have the smoothest and stiffest surfaces, the tangential
stiffness degrades faster in comparison to the geological materials,
while, among the different geological materials, the most rough and
soft grains of CDG display the greatest displacements beyond which KT

is zeroed.
In Table 3, the experimental results are summarized in terms of

tangential force at the steady state (or microslip) condition, the re-
sultant inter-particle coefficient of friction as well as the slip displace-
ment. Combining the results as displayed in Table 3 and Figs. 9–11, it is
observed that materials of greater inter-particle friction and lower
stiffness have greater slip displacements. Thus, the initial assumption
that surface roughness and contact Young’s modulus influence the ob-
served slip displacements is confirmed from the experimental results.
These parameters including the inter-particle coefficient of friction, the
tangential and normal contact stiffnesses as well as the slip displace-
ment are key input properties in DEM analyses controlling, for example,
the macro-scale behavior of granular materials subjected to monotonic
or cyclic loading, or the flowability of soil mass movements which is
important in granular flow simulations (e.g. [59,30,71]).

The experimental results of six different shearing tests on LBS pairs
of grains subjected to a normal force of 1 N and variable velocities are
summarized in Table 4 and representative tangential force – displace-
ment curves are plotted in Fig. 12. In general, for the relatively narrow
range of velocities applied in the study, between 0.03 and 0.3 mm/h,
there was not observed a clear effect of the sliding velocity on the inter-
particle coefficient of friction. In terms of slip displacement, within the
scatter of the data, it was observed a slight shift of δT

slip to greater dis-
placements for the pairs of grains tested at higher velocities, con-
sidering averaged values of δT

slip for each set of two grains tested at 0.03,
0.1 and 0.3 mm/h. However, the results in Table 4 imply that a wider
range of velocities is necessary to be applied in order to obtain firm
conclusions with respect to the influence of shearing velocity on the
microslip displacement.

5.4. Comparison with analytical models

Mindlin and Deresiewicz [46] referred to as M-D, proposed a theory
to study the contact problem of two elastic spheres in contact, where
the initial part of the tangential force against displacement curve is non-
linear and it is followed by purely plastic behavior (Fig. 8). They pro-
posed Eqs. (9) and (10) to obtain the initial tangential stiffness K( T

0) and
the tangential stiffness at any displacement K( )T

x :
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where G is the shear modulus of the materials in contact, and FT
x is the

tangential force at any displacement x. The value of KT
x reaches zero

when the value of FT
x equals to the product of the inter-particle friction

(µ) and the applied normal force (FN) (Fig. 8). A comparison between
experimental and theoretical M-D tangential force displacement curves
is given in Fig. 13 for a test on LS pair of grains. The theoretical curve
poorly fits the experimental data which might be, partly, due to the
differences in the predicted stiffness (KT) degradation rate as the M-D
model predicts that the stiffness degradation follows a power of 1/3
(Eq.(10)), which is independent on material type. Table 3 gives a
summary of the experimentally obtained values of stiffness (defined at a
tangential displacement of 2×10−4 mm) denoted as KT

exp2 for all the
pairs of grains, which is termed as the initial tangential stiffness in the
study, as well as the corresponding theoretical stiffnesses, denoted as
KT

the2 , which are obtained based on Eq. (10).
Olsson and Larsson [51] referred as O-L, presented an elastic-plastic

model by assuming isotropic power law hardening behavior for dif-
ferent materials with varying yield stresses including large deforma-
tions. Using a finite element code, they modified the M-D expression of
Eq. (9) for the initial tangential stiffness to Eq. (11) by accounting for
the transition from stick to slip of the contact.
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Fig. 14 gives a comparison between experimental KT
exp2 and theo-

retical KT
the2 stiffnesses (using both M-D and O-L models) for the LBS and

LS pairs of grains displaying these stiffnesses against the normal force.
A first important comment on the data in Fig. 14 is that the
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experimental (as well as the theoretical) tangential stiffness increases
with the increase in normal force for both LBS and LS. It is also ob-
served that both the M-D and O-L models over-predict the experimental
tangential stiffness. Combining the results shown in Fig. 14 and Table 3,
it is concluded that the theoretical models over-predict the initial
stiffness of the CSB, LBS and LS, but there is a clear convergent between
experimental and theoretical values, based on the M-D model, for CDG

pairs of grains. In particular, for LBS, which display the greatest
Young’s modulus among the geological materials, the M-D model over-
predicts about 3.5 to 7 times the initial tangential stiffness. For LS,
which display lower Young’s modulus (a well as greater roughness) in
comparison to LBS, the M-D model over-predicts about 2 times the
experimentally derived stiffness, while for the CDG pairs of grains,
which have the lowest Young’s modulus (as well as the highest
roughness) among the geological materials in the study, there is a sa-
tisfactory comparison between experiment and theory. It is also ob-
served in Fig. 14 that the O-L model gives systematically slightly lower
values of stiffness, compared to the M-D model, of the order of about
3–13%.

Mindlin and Deresiewicz [46] proposed an expression to calculate
the slip displacement as shown in Eq. (12) as a function of the Poisson’s
ratio and the contact shear modulus of the material, the inter-particle
coefficient of friction, the normal force and the radius of contact:

=
−

δ
ν μF

Gα
3(2 )

16T the
slip N

( ) (12)

where δT
slip

(the) is the theoretically obtained slip displacement based on
the M-D model.

Based on the application of the Hertzian fitting, which was dis-
cussed in Section 5.2, and the derived values of contact radius (α) and
contact shear modulus (G), a comparison between the theoretically
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Fig. 11. Tangential stiffness degradation curves for the materials tested at (a)
1 N and (b) 5 N of normal force.
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predicted slip displacements, based on Eq. (12), and experimentally
obtained values for LBS and LS, is given in Fig. 15. It is observed that a
poor agreement exists between theoretical and experimentally mea-
sured slip displacements for the geological materials. For the examples
in Fig. 15, there is a difference of one order of magnitude and beyond
that between theoretically predicted and measured slip displacements
for LBS and LS grains.

It is noticed that the elastic-plastic model by Olsson and Larsson
[51] accounts for the hardness of the material and it was built, to
predict the slip displacement, based on powder compaction. However,
the ratio of slip displacement to the area of contact in the present study
(with a range of values of 0.07–0.38) is in general much greater than
the values considered by Olsson and Larsson [51] model (with a range
of 0–0.08). Hence, in the subsequent section where a simple expression
will be presented for the slip displacement of geological materials, the
model proposed by Olsson and Larsson [51] is not discussed further, but
the analysis will consider the M-D theory. However, the modification of
the M-D model will incorporate the concept of hardness which is part of
the Olsson and Larsson [51] theory.

5.5. Slip displacement equation incorporating normalized hardness

Even though the M-D slip displacement (Eq. (12)) did not account
for hardness, Mindlin and Deresiewicz [46] considered inter-particle
friction in their model to obtain slip displacements. The M-D slip dis-
placement (Eq. (12)) is modified in the present study by normalizing
the hardness of the materials using Eq (13) under the assumption that
Martens hardness is linearly related to yield stress [39,40,4,51].

=H F
αHN

N
(13)

In Eq. (13), HN is the normalized hardness and H is the Martens
hardness (Table 1). It is noted that the term on the right side corre-
sponds per unit length (i.e. it is implied that the ratio is divided by
1mm) so that HN on the left side of Eq. (13) is presented in a di-
mensionless form.

Fig. 16(a) shows the relationship between the slip displacement
ratio δ δ/T

slip
T

slip
(exp) (the)

and HN. Within the scatter of the data, it is observed
that the decrease of the slip displacement ratio follows a power law
with the increase in normalized hardness (with a power of -0.51).
Hence, the experimental slip displacement can be expressed as a
function of the theoretical slip displacement (Eq. (12)) and the nor-
malized hardness. The relationship between experimental and theore-
tical slip displacement (M-D) with varying hardness for the different
materials tested in this study in given in Fig. 16(b) and Eq. (14), which
can be re-written as Eq. (15).
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Fig. 15 shows the comparison between slip displacement obtained
experimentally, theoretically (M-D) and from the new expression in Eq.
(15). It is observed that the modified expression (i.e. modification of M-
D model accounting for the normalized hardness) satisfactorily predicts
the slip displacement values when compared to the M-D theoretical slip
displacement (Eq. (12)). Sandeep and Senetakis [56] showed that the
inter-particle friction of the natural materials can be related to rough-
ness and Young’s modulus. Hence, the above modified expression in Eq.
(15), gives the slip displacement for different material properties,
roughness and hardness when the grains are sheared under different
normal forces. All these parameters used in Eq. (15) can be obtained by
relatively simple experimental techniques and the application of the
Hertz theory.

To check the validity of Eq. (15), experimental slip displacement
values against predicted values are plotted in Fig. 17 for twenty-five
independent tests (value of FN ranges between 1 and 15 N) and for four
different materials from previously reported data: LBS, beach sand (BS),
river sand (RS), and CSB (after [58,55]). Properties of the materials
which are used for the comparison with the newly proposed expression
are listed in Table 7 and Table 1(for LBS grains). Note that this new set
of data points on LBS used in Fig. 17 was not included in the devel-
opment of the new expression in Eq.(15). Considering that for a given
natural material, variations are observed from grain to grain with re-
spect to morphology, roughness and elastic properties as well as inter-
particle friction, it can be seen that the comparison of theoretical values
from Eq. (15) and independent experimental data in Fig. 17 is sa-
tisfactory with most data falling within a range of± 30% in terms of
predictive capacity. The scatter of± 30% implies a reasonable predic-
tion, for example, for a real slip displacement of 2 μm (this value would
be representative for CSB as well as for LBS at very low normal forces),
the estimated slip displacement from Eq. (15) might range from 1.4 to
2.6 μm, while for a real slip displacement of 30 μm (this value would be
representative for CDG), the estimated slip displacement might range
between 21 and 39 μm. Thus, the newly proposed expression provides a
much better prediction of the experimental data compared with the
theoretical models (M-D, O-L), which predict values one order of
magnitude different or beyond that, compared with the experimental
data as discussed previously. Therefore, the use of Eq. (15) can be
considered as a first rational step to be utilized in DEM simulations
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compared with available models.
The slip displacement can be used to understand (or interpret) the

damping and energy loss behavior at the contacts of geological mate-
rials. To this extent, a limited number of cyclic shearing tests was
conducted on LBS and LS grains similar to Sandeep and Senetakis [57]
and Sandeep et al. [54] at a displacement amplitude of about 0.008mm
under the application of 1 and 5 N of normal force and the results are
displayed in Fig. 18. The energy loss percentage (ΔE) was calculated in
the study from the area of the closed loop (ΔL) which corresponded to
the second shearing cycle and the elastic energy stored (L) from Eq.
(16). The results are summarized in Table 5.

=E L
πL

Δ 100Δ
4 (16)

Based on Table 5 and considering a given magnitude of normal
force, the energy loss is greater for LBS compared to LS grains. For both
materials, the energy loss was found to be greater at a normal force of
1 N compared to 5 N. This behavior can be attributed to the lower va-
lues of slip displacement for LBS compared to LS grains as well as to the
increase of the slip displacement at greater normal forces.

6. Conclusions

The micromechanical behavior of different materials which in-
cluded reference chrome steel balls (CSB) as well as three natural-
geological materials was investigated in terms of normal/tangential
contact behavior and inter-particle friction, with particular focus on the
slip displacement and its relationship with material properties.
Additionally, micro-hardness experiments were conducted to evaluate
the Martens hardness of the geological and reference materials. The
characterization of the grains showed that the particles from completely
decomposed granite (CDG) had the greatest values of roughness as well
as the lowest hardness compared with the other types of grains. At
initial stages of normal displacements, soft response was observed
during normal loading, which was ascribed to asperity behavior. The
initial soft behavior was more pronounced for the geological materials
compared to the reference grains, particularly for those having greater
roughness. Hertz [29] theory was used to fit the normal force against
displacement curves to obtain contact Young’s modulus (E). The re-
ference grains showed the highest values of E, while Leighton Buzzard
sand quartz grains (LBS) had greater E values among the geological
materials. Additionally, crushed limestone grains (LS) displayed greater
E values compared to CDG.

From the shearing tests, two different regions were observed in the
tangential force - displacement curves. The response was initially non-
linear, followed by a steady-state or microslip condition. The rate of
shearing, within the relatively limited range of velocities applied in the
study from 0.03 to 0.3mm/h, did not produce observable differences in
the frictional response of LBS, but, within the scatter of the data,
averaged values of slip displacement showed a very slight increase with
the increase of the shearing velocity.

Two theoretical models were applied, named the Mindlin and
Deresiewicz [46] (termed as M-D model) and the elastic-plastic model
by Olsson and Larsson [51] (termed as O-L model) to further explore
the differences between theory and experiment in terms of tangential
stiffness and slip displacement. It was shown that both M-D and O-L
models over-predicted the tangential stiffness of the materials in the
study apart from the softer and rougher CDG grains, for which, the M-D
model demonstrated a satisfactory prediction. Similar to these ob-
servations, the M-D model over-predicted the slip displacements (i.e.
the threshold displacement to reach a zero stiffness) for the materials in
the study, which over-prediction was of one order in magnitude or
beyond. A modification of the M-D expression was applied accounting
for the material hardness, which was incorporated as a normalized
value so that a modified expression was proposed which could sa-
tisfactorily predict the slip displacement of the geological materials.

Fig. 16. Relationship between experimental and theoretical slip displacement
(M-D) as a function of normalized material hardness.

Fig. 17. Comparison between experimental and predicted slip displacement
values based on a set of independent micromechanical tests.
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Validation of the new expression was performed comparing the slip
displacements with experimental data from previous studies on a broad
range of granular materials. Within the scatter of the data, it was shown
that the comparison between theoretical and experimental values was
much better when the new expression for slip displacement was used
compared with the use of available models.
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Fig. 18. Cyclic shearing tests on LBS and LS grains at 1 and 5 N of normal force.
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