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Shear modulus of soils at small strains, Gpa, is an important parameter in the design of geo-structures
subjected to static and dynamic loading. Numerous models have been proposed in the literature for
the prediction of G for saturated and dry sands. In this work, a novel approach is proposed, based
on the concept of state parameter, for the examination of the validity of G, equations in capturing
the effects of void ratio and confining pressure on the small-strain behavior of granular soils. Four expres-
sions of Gqy from the literature are examined. It is shown that while the expressions examined may pre-
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of the effect of particle shape in the determination of the model parameters. To alleviate this deficiency,
a new expression of G, for dry and saturated sands is proposed and validated using a comprehensive set
of resonant column test data performed at a range of initial void ratios, confining pressures, particle
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shapes and grain size distributions.
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1. Introduction

Shear modulus plays a fundamental role in the analysis and
design of geotechnical structures subjected to static and dynamic
loading. Of particular interest is the modulus at very small strains
(less than 1073%), where pure elasticity is assumed to govern the
soil behavior. Precise determination of small-strain shear modulus
of soils (typically denoted by G ) has been the focus of many
investigations in the past. These have included in-situ geophysical
approaches, such as up-hole, down-hole and cross-hole techniques
[1], and laboratory experiments using resonant column and bender
element apparatus [2-5].

The first comprehensive studies of small-strain shear modulus
of soils date back to 1960s and early 1970s [2,6-10], which also
coincided with the first attempts to develop the resonant column
apparatus [2]. Focusing on the behavior of dry and saturated sands,
these investigations showed that shear modulus at small strains
depended primarily on the void ratio of the soil, e, and the mean
effective confining pressure, p’. Similar observations were also
made by Hardin and Black [7,8], Hardin and Drnevich [11], Hardin
[3], Iwasaki et al. [4], Kokusho [12], Chung et al. [13], Yu and
Richart [14], Saxena and Reddy [15], and Jamiolkowski et al. [16].
These studies have led to the development of a general expression
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for the estimation of the small-strain shear modulus of sands in the
form of:

N
Gmax:AXf(e) X (E) (1)
DPq
in which, p, is the reference atmospheric pressure, f(e) is the void
ratio function, and A and n are the model parameters to be deter-
mined experimentally. Various void ratio functions, f(e), are pre-
sented in the literature, typically in the form of ratio or power
relationships, inspired by the seminal contributions of Hardin and
Richart [2] and Jamiolkowski et al. [16]. Parameters A and n, are
in turn linked to the grain size distribution of the soil through the
coefficient of uniformity, C,, and the mean grain size, dso [17-23].
Cho et al. [24] were first to point out the strong dependency of A
and n on the shape of the soil particles, although they overlooked
the effect of grain size distribution and soil density in their investi-
gation. The effect of particle shape was also recognized in the early
studies of Hardin and Richart [2] through the introduction of two
models of G4: one for sands of relatively regular shape, such as
natural river sand, and the other for sands with irregularly shaped
grains, such as crushed rock. Similarly, Senetakis et al. [22] devel-
oped Gpnox models in two categories depending on the shape of
the particles in the sand. Nevertheless, there currently exist no
expressions of Gpg that take into account the effect of particle
shape in a systematic manner. Indeed, as will be shown in this
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work, ignoring the effect of particle shape can lead to incorrect rep-
resentation of influences of void ratio, confining pressure and soil
stress state, leading to expressions of Gq with relatively limited
practical applicability.

Two distinct contributions are made in this work. Firstly, an
entirely new approach is proposed, based on the concept of state
parameter, for evaluating the validity of G, expressions in captur-
ing the influences of void ratio and confining pressure on the
small-strain behavior of granular soils. Four expressions of Gax
from the literature are examined and it is shown that while they
may predict the measured values of G, i.e. for a specific type of
soil, significant scatter occurs when the results are plotted against
the state parameter. This is attributed to the misrepresentation of
the soil stress state due to the exclusion of the effect of particle
shape in the determination of the model parameters. Secondly, a
new expression for Gng, is proposed for sands in order to capture
the soil stress state and the combined effects of particle shape,
grain size distribution, void ratio and mean effective confining
pressure in a consistent manner. The applicability and validity of
the new expression are demonstrated using experimental data
for a range of initial void ratios, mean effective confining pressures
and particle shapes.

2. State parameter

Thermodynamically, a set of parameters defining the state of a
system are referred to as the state variables or state parameters.
Some of the physical entities used for this purpose in geotechnical
engineering include: void ratio, confining pressure, stress ratio,
pre-consolidation pressure, overconsolidation ratio (OCR), relative
density, etc. Once the state parameters for a system are identified,
then the response of the system to perturbations in the state

parameters can be quantified by invoking a suitably configured
constitutive model in terms of the state parameters.

Following the framework of the critical state soil mechanics,
void ratio and mean effective confining pressure may be selected
as the suitable parameters defining the state of a saturated or
dry sand subjected to isotropic loading only [5]. In other words,
in such a system, the influence of the stress history, at any confin-
ing pressure, may solely be expressed through the use of the void
ratio. This is reflected in the general Eq. (1) and other equations
proposed in the literature that use e and p’ as the state variables
for qualification of small-strain shear modulus of sands
[15,18,21,22]. If an expression correctly accounts for the state of
a sample on the variation of G4 with e and p’, then other state
variables will be redundant and must have no influence in the
estimation of Gy,4. This is exploited in this work to independently
verify the appropriateness of expressions proposed in the literature
for the prediction of Gpq for sands, in particular in relation to
capturing the effects of e and p'.

For fine-grained soils, overconsolidation ratio (OCR) is an appro-
priate state variable for the independent verification of G, equa-
tions [5]. However, for granular materials, high confining pressures
are required to reach limiting isotropic compression line (LICL)
which renders it difficult to use OCR for the verification purposes.
For such soils, the concept of the state parameter is more appropri-
ate and is adopted in this study to verify the small-strain shear
modulus expressions for sandy soils.

State parameter, ¢, was first introduced by Been and Jefferies
[25] and Been et al. [26], and is the difference between the current
void ratio, e, or specific volume, v=1 +e, of the soil and the void
ratio or specific volume at the critical state for a given confining
pressure. Based on the state of the soil in the e — Inp’ plane, the
state parameter can simply be obtained by measuring the vertical
distance of the stress point with respect to the critical state line
(CSL), as shown in Fig. 1. As such it can attain positive or negative
values based on the relative state of the soil with respect to the

© critical state line (CSL). In this study, the critical state soil mechan-
Critical State Line Limiting Isotropic ics concepts for sand [27-30] are introduced for the examination of
I (CSL) Compression Line (LICL) Gmax €Xpressions through the state parameter.
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Fig. 1. State parameter concept. b J: Slope of critical state line; I': intercept of critical state line.
Table 1
Four expressions for the prediction of small-strain shear modulus of sands.
Model General form A X n
Mengq [18] A-e*-(p'/pg)" 67.1C,%2 1 (asa%m)ﬂ 75 0.48 %%
Saxena and Reddy [15] A m plm.pm 428.2 - 0.574
Wichtmann and Triantafyllidis [21] A. =0’ pl-n.pm 1563 +3.13 Cﬁ»93 1.94 exp(—0.066Cy) 0.40 53»18
T+e a
Senetakis et al. [22] A-e* . (p'/p)" 57.01 - 5.88C, —0.28C, —0.98 047
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Fig. 2. State parameter test results for Ham River sand, Measured against predicted Gm values and the influence of the state parameter on different G, models
(experimental results by Jovicic and Coop [31]).
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Fig. 3. State parameter test results for decomposed granite sand, measured against predicted G4 values and the influence of the state parameter on different G, models

(experimental results by Jovicic and Coop [31]).

Table 3

Tested soil properties for resonant column experiments.

Test sand Laboratory material Grain size distribution
dSO Cu Cc
w White (Blue circle) 0.24 1.69 0.90
Sand
N Newcastle Sand 0.33 1.94 1.25
us Uniform Sydney Sand 0.36 1.18 0.96
BL1 Blue Sand 1 1.66 1.41 0.94
BL2 Blue Sand 2 1.94 2.80 0.97
BL3 Blue Sand 3 1.88 411 1.22
BL4 Blue Sand 4 1.01 8.22 1.06
50UB-50UBL 50% Uniform Bricky, 0.54 1.96 1.01
50% Uniform Blue Sand
70UB-30UBL 70% Uniform Bricky, 0.49 2.01 1.10
30% Uniform Blue Sand
30UB-70UBL 30% Uniform Bricky, 0.59 1.99 1.10

70% Uniform Blue Sand

and saturated sands. To demonstrate how the state parameter can
be used for the validation of G, formulas, expressions proposed
by Saxena and Reddy [15], Menq [18], Wichtmann and Triantafyl-
lidis [21], and Senetakis et al. [22], denoted here by SR, M, WT and
SAP models, respectively, are examined in this study. The essential
features of the four expressions are summarized in Table 1. The
data used in the validation work was due to Jovicic and Coop
[31], obtained using bender element tests on samples of Ham river
sand and decomposed granite. The properties of the two test soils,
including the critical state parameters, are summarized in Table 2.

The results of the validation work using the Ham River sand
data is presented in Fig. 2. For each expression, two separate plots
are presented: one in terms of the measured small-strain shear
modulus (Gy,,) versus the predicted small-strain shear modulus
(Ghe) and the other in terms of In(G,,,/Gh,,) versus In(1 + ¢), in

max
which ¢ is the state parameter. As can be observed from the
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Fig. 4. Particle size distribution curves for tested materials.

variation of In(Gy,,,/Gh,,) versus In(1 + ¢), there is a clear trend
(shown by the dashed lines) and dependency to the state parame-
ter in these formulas. This implies that in these expressions the
effect of void ratio and mean effective confining pressure, and
hence the soil state, on G4 are not taken into account correctly.
Indeed, if the models had fully captured the effects of void ratio
and confining pressure, no dependency of In(G},,, /G,,,) to the state
parameter should have been observed. Similar dependencies and
trends are also observed in the data for the decomposed granite
as shown in Fig. 3. In this figure, for SR and WT expressions,
different trends are observed which correspond to the tests
conducted on specimens at different initial densities. Notice that

in Figs. 2 and 3, only results for confining pressures less than

Table 4
Experimental program.
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Fig. 5. Variation of small-strain shear modulus (Gne) with void ratio (e) for Blue
sands with different coefficients of uniformity under 100 kPa isotropic confining
pressure.

1 MPa are presented to avoid complications due to particle crush-
ing, which can alter the slope of the critical state line [26,32,33]. As
discussed by Russell and Khalili [32,33], the effect of particle
crushing is negligible for quartz sands for confining pressures up
to 1 MPa and the critical state line can be approximated with a
straight line for all practical purposes. Finally, the results for SAP
expression for decomposed granite are not presented in Fig. 3 as
the expression is valid only for sands with coefficient of uniformity
less than 9.7 (C, < 9.7).
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4. Development of a new expression for Gqx

The inability of the models of G, examined in capturing the
state of the soil implies that the model parameters impacting the
effects of e and p’ have not been evaluated correctly and that they
may be influenced by factors other than C, and ds,. For dry sand,
apart from the grain size distribution, other influencing factors
which may be considered include roughness and shape of the par-
ticles. At very small strains, the soil behavior is in the linear elastic
range and hence all the small deformations are recoverable. From a
micromechanical point of view, therefore there will be no slippage
between the particles and consequently it may be concluded that
the roughness of the sand grains may not have a considerable
effect on Gpqx. On the other hand, as has been shown by a number
of investigators, particle shape can have a significant influence on
the small-strain shear modulus of sands [2,34,24,22].

To include the effect of particle shape, a new expression for G
is developed based on a comprehensive set of experimental data.
First, adopting a power relationship for the void ratio function
[16,18,22], we recall Eq. (1) in its most general form as:

Gmax = A(Cy, dso, shape) x e¥Cudsoshape) (p— (2)

Da
in which all model parameters A, x and n are rendered a priori func-
tions of grain size distribution properties and particle shape. How-
ever, a careful examination of literature suggests that mean grain
size (dsg) has little or no influence on parameters A and n
[15,18,21,22], and dso and C, have little influence on x as long as
the particles are in the sand size range [15,18,22]. Similarly, there
are no observed dependencies between x and sand particle shape
[22]. In addition, the effects of gradation and particle shape on
parameters A and n are decoupled, yielding the following reduced
form for G,.x expression:

)n(Cu.dso,shape)

Gnax = A1(Ca) x Au(shape) x e x <ﬂ 3)

a

>H1 (Cu)xn(shape)

in which the dependencies of the model parameters to coefficient of
uniformity (C,) and particle shape must be determined using a tar-
geted program of laboratory testing.

5. Experimental work

Ten sands with different grain size distribution curves, covering
a wide range of particle shapes, were selected to explore

0.8
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e
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s
—_ *
a
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Fig. 8. Variation of parameters A; and n; with coefficient of uniformity (C,).
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with the best-fits according to Eq. (1).

dependencies of Ay, Ay, X, n; and n; in Eq. (3) to C, and particle
shape. The basic properties of the test soils are summarized in
Table 3 and their grading curves are depicted in Fig. 4.

A modified Stokoe-type resonant column apparatus [35] with
fixed-free configuration was used to determine the small-strain
shear modulus of the sands [36]. The specimens, 50 mm in
diameter and 100 mm in height, were prepared in several layers

0.7

Fig. 12. Variation of A, parameter with regularity.
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Table 6
Different sand properties used for verification of new model.

Test sand Laboratory material Grading Particle shape descriptors Critical state
line parameters
dso Cy R (MV) S (MV) p (MV) R (SD) S (SD) p (SD) ! r
S Sydney sand 0.31 1.95 0.61 0.76 0.69 0.12 0.09 0.11 0.05 1.15
B Bricky sand 0.47 2.19 0.48 0.71 0.60 0.16 0.15 0.16 0.22 213
CBL Crushed blue sand 0.69 2.00 0.24 0.51 0.38 0.12 0.18 0.15 0.24 1.87
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Fig. 13. Sydney sand: measured against predicted small-strain shear modulus and state parameter test results for different models.

to different initial void ratios by vibrating a known mass of soil to a
predetermined height. Vibration was applied through a thin plastic
rod with slightly rounded edges. By altering the vibration energy
(i.e. duration) and thickness of the layers, samples were prepared
at variable initial densities (see Table 4). All the resonant column
tests were conducted in a dry state, in torsional mode and under
isotropic condition.

In total, twenty-seven sets of tests were performed using differ-
ent sands prepared at different void ratios, and at confining pres-
sures of 50, 100, 200, 400, 600 and 800 kPa. Note that after the
preparation of the sample and before application of the confining
pressure, a vacuum of about 10 kPa was applied. While the sample
was supported with vacuum, the dimensions of the sample were
carefully measured to obtain the initial void ratio. Vacuum was
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Fig. 13 (continued)

then removed gradually during the application of the first isotropic
confining pressure of 50 kPa. The analysis of the results was per-
formed adopting the ASTM specification [36].

5.1. Variation of x with C,

To establish dependency of the void ratio power, x, to coefficient
of uniformity (C,), the results from the resonant column tests per-
formed on Blue sands (BL1-BL4), at different gradations and void
ratios, but at constant particle shape and constant isotropic confin-
ing pressure (100 kPa), were examined (Fig. 5). Also included in
Fig. 5 are the best-fits to constant C, data which is obtained by
the least-square method. As can be observed, the values of x
obtained from the lines of best-fit in Fig. 5 show no discernible
trend with the coefficient of uniformity, C,, as depicted in Fig. 6.
For the purposes of this study, a constant value of x = —1.29 is
assumed leading to:

fle)=et )

which is very similar to the relationship proposed by Jamiolkowski
et al. [16]. This is also consistent with the work of Menq [18] and
Senetakis et al. [22] who showed negligible and scattered depen-
dency of x on C,. It is, however, inconsistent with the work of
Wichtmann and Triantafyllidis [21] as is evident from Table 1.

5.2. Variation of A; and n; with C,

To examine dependency of A; and n; on C,, the tests carried out
on Blue sands at a specific particle shape but different gradations
(C, values) and initial void ratios, under a range of isotropic confin-
ing pressures (50-800 kPa) were considered. The variations of nor-
malized small-strain shear modulus, Gme/f(e), with normalized

confining pressure, p'/p,, for different sand gradations and for typ-
ical initial void ratio of 0.75 are shown in Fig. 7. Once again, the
coefficients of best-fit to the data were used to establish the vari-
ations of A; and n; with the coefficient of uniformity (Fig. 8). As
can be seen from this figure, A; has a descending, while n; has
an ascending relationship with the coefficient of uniformity.
Adopting a power best-fit trend, the following general expressions
were obtained for the variation of A; and ny:

Ay =43.45xC,%" (5)

n; =0.50 x C>12 (6)

5.3. Particle shape effect on A, and n,

To account the particle shape effect, one must first describe and
assign a numerical value to the particle shape. This is achieved
using the methodology originally proposed by Krumbein and Sloss
[37] (Fig. 9). In this approach, the shape of a particle is character-
ized by two descriptors: (i) roundness (R) and (ii) sphericity (S).
Roundness is expressed as the ratio of the average radius of curva-
ture of the surface features to the radius of the largest sphere
inscribed in the particle of the sand. Sphericity is defined as the
ratio between the radius of the largest inscribed sphere in the par-
ticle to the radius of the smallest circumscribed sphere to the par-
ticle, as shown in Fig. 9a. Later, Cho et al. [24] introduced regularity
(p) as the shape descriptor that incorporated the effects of both
roundness and sphericity and quantified it as the arithmetic aver-
age value between sphericity and roundness. Cho et al. [24]
showed that particle shape effects may be solely expressed
through the variable p.
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Fig. 14. Bricky sand: measured against predicted small-strain shear modulus and state parameter test results for different models.

The approach used in determining the regularity for each test
soil included: (i) random selection of thirty particles from the
parent material for observation under an optical microscope
(ii) determination of a value for R (roundness) and a value for S
(sphericity) for each particle based on the chart shown in Fig. 9b,
and (iii) determination of the mean value (MV) of particle shape
parameters along with the corresponding standard deviations
(SD) for the thirty grains from each sand. Mean values and stan-
dard deviations of the shape descriptors for the test sands using
this approach are summarized in Table 5. As can be noted from this
table, the values of standard deviations for all sands and particle
shape descriptors are almost in the same range, confirming
the independency of SD values to the roundness, sphericity and
regularity. All values of R and S were obtained independently from
two operators for consistency.

To determine the dependency of A, and n, to the particle shape
factor, p, the tests carried out on different sands with specific
values of C, and e but different particle shape parameter, p, under
a range of isotropic confining pressures (50-800 kPa) were
considered. Fig. 10 shows a typical set of results for the specimens
with an initial void ratio of 0.75. Once again, the small-strain shear
moduli are normalized against the void ratio function (Eq. (4)) and
the normalized modulus is plotted against the normalized mean
effective stress. Model parameters A and n were obtained from
the best-fit power trend for soils with different regularity shape
factor. A range of soils from fairly rounded (sample W1) to fairly
angular (sample 30UB-70UBL-1) were used in the analysis.

Normalizing the values of A and n obtained from all data with
respect to A; and n; expressions presented in Eqgs. (5) and (6),
the effect of particle shape, p, on A, and n, can be isolated as
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Fig. 14 (continued)

depicted in Figs. 11 and 12. In both figures, strong trends are
observed for the variation of A, and n, with particle shape, demon-
strating the importance of inclusion of shape factor, p, in the Gpa
expression.

5.4. Proposed model for small-strain shear modulus of sand

Using the best-fit Eqs. (5) and (6), and Figs. 11 and 12, derived
for model parameters, it is now possible to present an expression
for G.qx that takes into account the effect of grain size distribution,
particle shape, void ratio and confining pressure:

e — (84C;0'14p0'68) % o129 (li (7)

) (€912)(~0.23p+0.59)
a

6. Verification

To verify the proposed model for small-strain shear modulus of
sands and to compare the performance with some of the widely
used models from the literature, the results of three independent
series of resonant column tests on three different sands with a
wide range of gradation and particle shape were considered. The
first soil is Sydney sand, a poorly-graded quartz soil with sub-
rounded to rounded particles, the second soil is Bricky sand, again
a poorly-graded sand but with sub-angular particles, and the third
is Crushed Blue sand with angular particles. Companion (three to
four) consolidated drained (CD) triaxial tests were performed on
each test soil to determine the critical state parameters. As
mentioned previously, for the range of pressures used in this study
(50-800 kPa), the effect of particle crushing was considered

negligible and the CSL was approximated with a straight line
[32,33]. Various properties of these sands are summarized in
Table 6.

Sydney sand samples were tested at five different initial void
ratios of 0.66, 0.70, 0.75, 0.80 and 0.85, while Bricky sand speci-
mens were tested at three initial void ratios of 0.75, 0.80 and
0.85. The tests on Crushed Blue sand were carried out at initial void
ratios of 0.70, 0.75, 0.80 and 0.85. Each sample was tested along an
isotropic compression path at 50, 100, 200, 400, 600 and 800 kPa
confining pressures.

The four previously presented expressions for Gnq from the lit-
erature (Table 1) in addition to the proposed expression (Eq. (7))
were used in the analysis. For all the expressions, the comparison
between measured small-strain shear modulus (G,,) and pre-
dicted small-strain shear modulus data (Gh,) as well as
In(Gh,./Gh o) versus In(1 +¢), were examined (Figs. 13-15). As
can be observed, the proposed expression remarkably outperforms
the other expressions from the literature. The maximum error
involved in the M, SR, WT and SAP predictions (for the three soils)
were 59%, 68%, 47% and 50%, respectively, while it was only 13% for
the expression proposed. Of the expressions from the literature, M
expression produces the best predictions for soils containing sub-
rounded to rounded particles (Sydney sand), the WT expression
is the most appropriate for sub-angular particles (Bricky sand),
and SAP and SR expressions are the most appropriate for sands
with sub-angular to angular particles (Crushed Blue sand). None
of the expressions from the literature are valid for the range of par-
ticle shapes considered.

Figs. 13-15 demonstrate once again the usefulness of the state
parameter in the evaluation of appropriateness of a Gyq model. If
only graphs of measured versus predicted small-strain shear
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Fig. 15. Crushed Blue sand: measured against predicted small-strain shear modulus and state parameter test results for different models.

modulus values are adopted for comparison and verification of the
models, it may be difficult to examine the appropriateness of the
model as a general G, predictor. However when the results are
presented against the state parameter, even for the soils for which
the model is calibrated against, the fundamental flaws of the model
in capturing the effects of void ratio and confining pressure, and
hence its generality, are revealed.

7. Concluding remarks

A novel approach, based on the critical state soil mechanics
framework, has been proposed to verify the accuracy of four previ-
ously proposed expressions for small-strain shear modulus of dry
and saturated sands. It has been shown that none of the formulas
examined could adequately capture the effects of void ratio and

confining pressure on small-strain shear modulus. This deficiency
has been attributed to overlooking the effect of sand particle shape
on the model parameters associated with the void ratio and the
confining pressure. A comprehensive experimental program has
been performed using a resonant column apparatus to quantify
the combined influences of the grain size distribution and particle
shape on the small-strain shear modulus of sands. Using the regu-
larity as a measure of particle shape, a new expression for small-
strain shear modulus of sand has been proposed incorporating
the effects of grain size distribution properties, particle shape, void
ratio and confining pressure in a systematic and consistent man-
ner. Three sets of experimental data on different sands have been
used to demonstrate the validity of the proposed model. It is
shown that each of the models examined from the literature is
valid only for a specific range of particle shapes while the proposed
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model is general in nature, and can be equally applied to sands
with different particle shapes.
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