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Mixtures of sand and rubber particles were simulated using DEM. Rubber content varied from 0% to 50%.
The numerical samples were sheared in the range of 10�5–10�2% of e1. The macro-mechanical response
changed depending on the size of rubber particles. As the size of the rubber particles increased, the effect
of rubber in the internal structure was attenuated, facilitating the force transmission through sand-sand
contacts. Largest rubber particles showed the most advantageous mechanical behaviour. Nevertheless,
the selection of both rubber size and content will depend on the intended purpose of use for the mixtures.

� 2016 Published by Elsevier Ltd.
1. Introduction

The employment of granulated rubber or waste tire shreds as a
new geo-material or in the form of mixtures with soil has become a
popular approach in ground–improvement [5,11,63]. The rubber is
seen to reinforce sand meanwhile it still keeps its lightweight abil-
ity. The application of it could certainly be advantageous in engi-
neering projects such as: (i) reduction of lateral earth pressures
on retaining walls [18,24,25,27]; (ii) reduction of settlements for
embankments [6,10,12]; (iii) providing filter layers for drainage
in landfills [47]; and (iv) providing damping to foundations and
for liquefaction mitigation purposes [23,33,37,42,43,51–53,57].

Scrap tyres are shredded to smaller sizes for use in various
applications, with the actual size, ranging from cuts (>300 mm),
shred (50–300 mm), chips (10–50 mm) to powder (<1 mm),
depending upon the intended use. At current practice, the determi-
nation of the rubber size is mainly based on the availability and the
cost of production. Therefore, the effect of rubber size on the beha-
viour of sand-rubber mixtures has been of interest. Size ratio of
rubber to sand particles has been studied in the range of 0.25
[28] to more than 100 [68]. The size of rubber particles has an
important effect on the mechanical response of the mixtures that
can result either in decay in strength and maximum shear modulus
[1,28,29,57] or in increase in strength and maximum shear modu-
lus [26]. Evans and Valdes [15] carried out numerical one dimen-
sional (1-D) compression tests on sand-rubber mixtures to study
the effect of rubber fraction and size ratios of particles on the force
percolation and the strain dependent evolution of strength.
Numerical simulations reported by Lee et al. [30] also corre-
sponded to 1-D compression tests, but only a size ratio of rubber
to sand particles of 1.0 was considered in that work with a partic-
ular focus on the effect of rubber content on the overall fabric of
the samples. Special attention has also been paid to other impor-
tant parameters, such as the shear modulus measured at very small
strains where pure elasticity dominates the behaviour of the mix-
tures (less than 0.001%) and at small to medium strains where the
stiffness already starts to degrade (for example in the range of
0.001–0.1% of shear strain). The small-strain and the small to med-
ium strain shear moduli are usually required in advanced mod-
elling for the accurate prediction of ground deformations [60]. A
number of experimental works have been carried out ranging from
very small strains up to strains greater than 20% [1,13,14,26,28,
29,32,40,52,57]. However, numerical investigations on rubber
and sand mixtures have been mainly focusing on medium to large
strains up to 20% [30,64].

In this study, mixtures of rubber and sand particles are simu-
lated in three dimensional triaxial constant volume tests by
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Nomenclature

an normal contact force anisotropy
d particle diameter
Gp particle shear modulus
G elastic secant shear modulus
Gmax maximum elastic secant shear modulus
I inertial number
p0 mean effective stress
p00 mean effective stress after isotropic compression
q deviatoric stress q ¼ r0

1 � r0
3

Zm mechanical coordination number
_e strain rate

e1; e2; e3 major, intermediate and minor principal strains (e2 = e3)
eq shear strain eq = 2/3(e1 � e3)
l inter-particle friction coefficient
m particle Poisson’s ratio
q particle density
r0
1; r0

2; r0
3 major, intermediate and minor principal stresses
(r0

2 ¼ r0
3)

(U1 �U3)
deviatoric fabric
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employing the discrete element method (DEM) to investigate the
effects of rubber content and the relative size of rubber and sand
particles at small strains. As noted by Lee et al. [30], the response
of granular materials at different strain levels would underlie a dif-
ferent response at the micro-mechanical level. The purpose of this
contribution is to explore the micro-mechanics that are developed
in a range of strains usually experienced by geo-materials, i.e. pre-
failure response and in particular to investigate the contribution
that is made by each type of contact, i.e. sand-sand, rubber-sand
or rubber-rubber to both the micro and macro-mechanical
responses. Sand particles are modelled as rigid particles with high
stiffness, whereas rubber particles are modelled as soft particles
having low stiffness. Macro- and micro-scale responses of sand-
rubber mixtures will be explored. The DEM simulations allow the
tracking of the particle contacts and the distribution and magni-
tude of the forces at all test stages, which is not feasible in labora-
tory experiments.

2. The discrete element method

The simulations presented in this study used the DEM proposed
by Cundall and Strack [8]. The calculation cycle applies a force-
displacement law to the particles and updates the particle posi-
tions by the Newton’s second law. A soft contact approach is used
where particles are treated as rigid but allow overlapping among
each other at a contact point occurring over a small area. Normal
and tangential forces generated at contacts are calculated respec-
tively as fn = kndn and Dft = ksDds where kn and kt are the normal
and tangential stiffness, respectively, dn is the contact overlap
and Dds is the tangential displacement increment. The maximum
tangential force allowed is given by ft max = l fn with l being
the interparticle-friction coefficient. kn and kt are calculated using

the Hertz-Mindlin contact model as: kn ¼ 2Gp

1�m
eR1=2d1=2n and kt ¼

4Gp

2�m
eR1=2d1=2n , where Gp is the particle shear modulus, m the particle

Poisson’s ratio and R is the equivalent radius in between two par-

ticles in contact i and j obtained as: eR ¼ RiRj
RiþRj

. This contact model

uses an approximation of the theory of Mindlin and Deresiewicz
[35] where the contact model excludes the continuous nonlinear-
ity in shear while only the initial shear modulus is used. This con-
tact model has been widely adopted in DEM simulations which
have successfully captured typical soil behaviour characteristics
[2,20,61,66].

The use of a local damping facilitates the kinetic energy dissipa-
tion allowing the system reducing the number of calculation cycles
required for the system to reach equilibrium. The damping force is
calculated as Fd = d|Fu| ± (V), where d is the local damping ratio. It is
proportional to the unbalanced force Fu and applied opposite to the
velocity direction V.
The simulations shown in this study were carried out in the
open-source code LAMMPS (Large-scale Atomic/Molecular Mas-
sively Simulator) [44] which is a classical molecular dynamics
(MD) code capable of simulating soft matter and coarse-grained
systems. LAMMPS can run on single or in parallel using MPI tech-
niques allowing its use on massively-parallel high-performance
computers. The MD method is algorithmically similar to DEM
and a number of implementations were made onto LAMMPS to
allow the simulations of granular assemblies by using DEM. Details
of this modified version of LAMMPS can be found in Huang [22].
Additional implementations include the possibility of simulating
a granular system composed of two different materials where, in
the case of a contact shared by the two materials, the shear mod-
ulus and Poisson’s ratio is taken as the average of the two materi-
als. Besides, the tangential force arouse from a contact between the
two different materials is limited by the minimum inter-particle
friction coefficient among the materials.

DEM employed in this study can capture part of the behaviour
of discrete materials such as soils, and can provide useful informa-
tion associated with micro-quantities. It should be noted that in
this study particles are modelled as perfect spheres with which
the effect of the particle shape on the response of granular materi-
als is not captured [65]. Nevertheless, DEM has proven to be an
appropriate tool for modelling the different phenomena that char-
acterize granular systems as was summarized by O’Sullivan and
Bray [39]. In this regard, a careful calibration of the system was
conducted, in particular for the pure sand (assembly of stiff grains)
and the pure rubber (assembly of soft grains) with respect to the
small-strain stiffness of the samples based on literature data
derived from resonant column tests.
3. Numerical simulations

The particle size distribution (PSD) used for the simulated sand
is plotted in Fig. 1, which is representative of a uniform sand of flu-
vial origin tested by Anastasiadis et al. [1]. Rubber particles were
created following three different PSD parallel to the sand PSD, hav-
ing ratios of mean size of rubber to mean size of sand (D50R/D50S) of
1.0, 2.5 and 5.0, as seen in Fig. 1. A total of 15 mixtures were pre-
pared, 5 for each D50R/D50S, with rubber contents varying from 10%
to 50% by mixture weight, in increments of 10%. Views of the
numerical samples for the clean sand and the mixtures at
100 kPa of isotropic confining pressure are also included in Fig. 1.

Each sample consisted of a total number of particles ranging
from 10,184 to 20,692. Particles were placed initially as non-
contacting spherical particles, and enclosed within a cuboidal
periodic cell to avoid boundary effects [21,62]. The stresses within
the periodic cell were determined from the stress tensor as
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�rij ¼ 1
V

PNc
1 lci f

c
j where �rij is the stress tensor, V is the volume of the

periodic cell, Nc is the total number of contacts, lci and f cj are the
branch vector and the inter-particle contact force corresponding
to contact c respectively [3,45].

In the simplified Hertz-Mindlin contact model, sand particles
were assigned a particle Poisson’s ratio (m) of 0.12 following the
properties of quartz [59] and a density (q) of 2650 kg/m3. Input
parameters for rubber particles include a m of 0.45 which is consis-
tent with their very small volume compressibility [4] and q of
1100 kg/m3. For the simulated sand and rubber, the particle shear
modulus (Gp) was calibrated, yielding in a contact stiffness that
allowed an amount of stress at certain deformation within a dense
sample that would match the real Gmax. Initially, the Gmax of a clean
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uniform fluvial sand and granulated rubber studied by Anastasiadis
et al. [1] and Senetakis et al. [53] was calibrated as shown in Fig. 2a,
in which Gmax is plotted against p0 and Fig. 2b showing Gmax against
the major principal strain (e1). Gmax is calculated from G = (2/3)q/eq,
where q is the deviatoric stress and eq is the shear strain calculated
as the difference between the major and minor principal strain
(e1 � e3), and was obtained at a strain magnitude of 10�4%. Differ-
ent values of particle shear modulus ranging from 2.5 MPa to
29 GPa were used. For the simulated sand, in each set of particle
shear modulus, different initial coefficients of friction were used
to create samples with different densities in order to investigate
its effect on Gmax while for the simulated rubber l was set to 1.0.
As the initial void ratio increased, lower values of Gmax were
attained, and this dependence on initial void ratio increased as
Gp decreased. A seen in Fig. 2, a value of Gp

s = 8 GPa for the simu-
lated sand and Gp

r = 12 MPa resulted in good agreement with the
laboratory data, where Gmax and its degradation with strain were
matched. A small local damping coefficient with a value of 0.1
was used for all simulations, which does not affect the mechanical
response of the system. Gravity is inactive during the simulations
in order that the stress distribution is uniform within the sample,
besides it permits an easier identification of particles not con-
tributing to the stress transmission within the sample. All simula-
tions were run on a high-performance cluster using a stable time
step of 5.3 ns.

During the isotropic compression stage, the periodic cell was
deformed until mean effective stresses (p0

0) of 50 kPa, 100 kPa
and 200 kPa were reached. In order to avoid excessive overlaps
that could lead to negative void ratios, p0

0 was kept to a relatively
low value. Sand particles were assigned an inter-particle friction
coefficient (l) of 0.01 while rubber particles were assigned a l of
1.0 during the isotropic compression stage. After the samples
reached the target p0

0 the system was subjected to numerical
cycling, ensuring that both p0 and the number of contacts remained
constant, indicating equilibrium. The same isotropic compression
stage procedure was applied to all D50R/D50S ratios considered in
this study. Low void ratios were attained for the case of D50R/
D50S = 5.0. For these mixtures, any voids formed by rubber particles
(b) 
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Table 1
List of tests conducted.

Set test ID e0(p0=50 kPa) p00 (kPa) D50R/D50S Rubber content (%) No. sand particles No. rubber particles Size of numerical specimens (mm)
p00 = 50 kPa (100 kPa for pure rubber)

CS-p00 0.5560 50, 100, 200 – – 10184 0 4.591 � 4.590 � 4.627

M10-1:1-p00 0.5669 50, 100, 200 1 10 8212 1972 4.634 � 4.614 � 4.592

M20-1:1-p00 0.5965 50, 100, 200 20 6916 3268 4.658 � 4.642 � 4.627

M30-1:1-p00 0.6176 50, 100, 200 30 5945 4239 4.698 � 4.627 � 4.664

M40-1:1-p00 0.6316 50–100–200 40 5201 4983 4.724 � 4.669 � 4.636
M50-1:1-p00 0.6390 50–100–200 50 4689 5495 4.712 � 4.651 � 4.687

M10-2.5:1-p00 0.5162 50, 100, 200 2.5 10 20363 329 6.182 � 6.196 � 6.137

M20-2.5:1-p00 0.4703 50, 100, 200 20 18116 521 6.233 � 6.266 � 6.180

M30-2.5:1-p00 0.4715 50, 100, 200 30 15863 717 6.297 � 6.255 � 6.224

M40-2.5:1-p00 0.4644 50–100, 200 40 13541 815 6.205 � 6.113 � 6.285
M50-2.5:1-p00 0.4604 50–100, 200 50 11358 869 6.108 � 6.017 � 6.058
M10-5:1-p00 0.4830 50, 100, 200 5 10 20401 42 6.157 � 6.070 � 6.133

M20-5:1-p00 0.4308 50, 100, 200 20 18153 67 6.277 � 6.159 � 6.057

M30-5:1-p00 0.3988 50, 100, 200 30 15767 101 6.205 � 6.001 � 6.277

M40-5:1-p00 0.3695 50, 100, 200 40 13613 105 6.360 � 5.899 � 5.940
M50-5:1-p00 0.3490 50, 100, 200 50 11374 108 5.688 � 6.112 � 5.888

M100-p00 0.5089 100 – 100 0 10184 4.641 � 4.626 � 4.634
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would be filled by smaller sand particles. Similar void ratios have
been reported from DEM studies of for example particle size distri-
bution [36,58].

After the completion of the isotropic compression stage, sand
particles were assigned an inter-particle friction coefficient (l) of
0.25 [20,21,54–56] while rubber particles were given a l of 1.0
[15,30,50,64]. The particle shear modulus assigned to the sand
was Gp

s = 8e9 Pa while for rubber Gp
r = 12e6 Pa. The numerical sam-

ples were sheared in compression in a strain–rate controlled man-
ner under constant volume (CV) conditions covering from the very
small to the relatively medium strain ranges. The incremental axial
deformation of the periodic cell was set to de = 1e�8. The strain
rate ( _e) used for all tests was calculated by dividing de by the time-
step. The inertial number, defined as I ¼ _ed

ffiffiffiffiffiffiffiffiffiffi
q=p0

p
, where _e is the

shear rate, d is the mean size of grains in the assembly, q is the
grain density, and p0 is the mean effective stress, was used to
ensure quasi-steady conditions during the shearing process, where
a limit of I 6 1e�3 would be sufficient to maintain quasi-steady
conditions [9,31,34]. For the particular study, the focus was on
stiffness from very small to medium strains and the micro-
quantities that may explain the behaviour of the mixtures, thus
the decision to perform undrained tests instead of drained tests,
would not affect the interpretations and outcomes of this work.
Besides, it has been shown that in DEM, the conduction of tests
both under drained and constant volume conditions capture the
salient characteristics of soil behaviour [16,17]. Table 1 summa-
rizes the simulations carried out in this study, where samples are
labelled as CS-XX for Clean Sand, with XX indicating the initial
p0
0, and MC-R-XX for sand-rubber mixtures, with C indicating the

content of rubber in percentage, R giving the D50R/D50S, and simi-
larly, XX indicating the initial p0

0.
4. Results

4.1. Macro-scale response of sand-rubber mixtures

The deviatoric stress is plotted against e1 in Fig. 3(a) for samples
sheared from a p0

0 of 50 kPa; each subfigure relates a different
D50R/D50S. For the case of D50R/D50S = 1.0, a significant lower rate
of increase of q is observed as rubber content increases. A similar
trend is observed for D50R/D50S = 2.5, however, the rate of increase
of q is less affected by the increase of rubber content in this case.
The clean sand achieved the highest q for D50R/D50S = 1.0 and 2.5
cases, however this is not true for the case of D50R/D50S = 5.0 and
no easily noticeable trends can be observed.

Fig. 3(b) illustrates the response on the stress plane q-p0 for all
samples sheared from a p0

0 of 50 kPa with each subfigure relating
a different D50R/D50S. A reduction in p0 would indicate a tendency
of the numerical sample to contract, whereas an increase would
indicate a tendency to dilate. The trend of decreasing p0 since the
sample is sheared undrained would imply that under drained con-
ditions it should exhibit contraction behaviour, i.e. decrease of vol-
ume. Conversely, with p0 increasing under undrained conditions, if
it were under drained conditions, then it would show dilation in its
behaviour, i.e. increase in volume. Only the CS-50 and M50-1:1-50
tests displayed a clear contractive response. The sample with 0% of
rubber content can be taken as a dense sample; for dense samples
it is possible to initially contract (decrease in p0) and then dilate
(increase in p0) with a phase transformation point. In the range of
strains considered in the simulations, the point of phase transfor-
mation was not reached. However, the contractive response from
M50-1:1-50 is mainly due to its looser packing. Up to the strain
levels considered, all other samples showed clearly a dilative
response, where larger p’ were found as D50R/D50S increased. As
soon as rubber particles are added into a sand matrix, a change
from contractive to dilative response is observed. This can be
related to the increase of the branch vector resulting in higher
forces that lead to a higher concentration of mean effective stress.

Fig. 4(a) presents the effect of rubber content on q at different
levels of e1 for samples sheared from a p0

0 of 50 kPa. As e1 increases,
any effect that rubber had on q becomes more evident regardless of
the ratio D50R/D50S. In the case of D50R/D50S = 1.0, there is always a
decrease in q as rubber content increases, while a slight decrease in
q is noticeable in samples with D50R/D50S = 2.5 at e1 = 1e�4%. This
trend becomes clearer at higher levels of e1 and at rubber contents
greater than 20%. An almost constant value of q is observed for the
case of D50R/D50S = 5.0 at e1 = 1e�4%. At e1 = 1e�3%, the initial
increase in q up until a rubber content of 20% becomes more evi-
dent, followed by a constant response in the 20–40% range of rub-
ber content, from where a sharper decay in q is appreciated.
Regardless of the strain level, tested samples with D50R/D50S = 5.0
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having either 0% or 50% of rubber content showed almost no differ-
ence in q.

The deviatoric stress q is linked to the small-strain shear mod-
ulus (Gmax). Fig. 4(b) contains the small-strain shear modulus
(Gmax) for all tests conducted, calculated at a value of e1 = 1e�4%.
The trend of Gmax with rubber content from the numerical simula-
tions for mixtures with a size of rubber grains equal to that of the
sand, closely matched that from the laboratory experiments
reported by Anastasiadis et al. [1]. Numerical results frommixtures
with D50R/D50S = 5.0 follow a similar trend of that found by Kim and
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measured by volume instead of weight), as noted by Youwai and
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The inclusion of rubber particles with D50R/D50S of 1.0 into a
matrix of sand results in a clear exponential decay in Gmax with
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values of Gmax for the p0
0 considered start to converge. For a ratio

D50R/D50S equal to 2.5, the trend of decreasing Gmax is more pro-
nounced at greater percentages of rubber. Gmax appears almost
constant up to a rubber content of 20% beyond which, a linear
decay in shear modulus takes place as rubber content increases.
The decay in Gmax appears to be parallel among the different p0

0.
Samples with a D50R/D50S ratio of 5.0 present a more complex
response. Gmax increases linearly as rubber content increases up
to 20%. For rubber contents in the range of 20–40%, Gmax remains
constant, and a decrease in Gmax takes place when rubber content
is more than 40%.

The underlined tests from Table 1 refer to additional simula-
tions carried out under conventional drained conditions (constant
r0

3) sheared to larger strains (e1 � 20%). Laboratory data has been
collected from Youwai and Bergado [67], Zornberg et al. [68],
Mashiri et al. [32] and Bolton [7] in order to compare the trends
on the mobilized friction angle (/) and the dilatancy angle (/max

– /crit) with the outcomes from the numerical simulations. Fig. 5
serves to highlight the ability of the numerical simulations to qual-
itatively match the response from laboratory tests. In Fig. 5a, q at
failure is plotted against rubber content for different lab data and
for the numerical simulations. q is seen to increase with rubber
content up to a value in the range of 20–40%. The initial increase
in q with increase in rubber content is well captured. Besides, the
effect of rubber size can also be observed. Fig. 5b plots the dila-
tancy angles for a range of sand taken from Bolton [7] where the
dilatancy angle for the numerical simulations are seen to fall in
the range of those from laboratory experiments under similar
levels of confining pressures. It should be noticed that for the
numerical simulations, as p0 increases the initial void ratio
decreases and thus larger dilatancy angles are evident.

As discussed above, the calibration stage led to input parame-
ters for the numerical simulations, that allowed Gmax and its degra-
dation to be successfully captured quantitatively and qualitatively.
It should be under small strains, there almost no change in number
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Fig. 5. (a) Deviatoric stress at failure against rubber content from this study and from la
[32]. (b) Dilatancy angle from this study compared from available data from Bolton [7].
of contacts and in the structure of the contact network. This means,
that no re-accommodation and movements of particles take place
and thus factors such as shape do not affect the quantitative
response of the assembly. However, when samples are sheared to
larger strains (e1 > 1%), changes in the contact structure inevitably
take place and thus re-arranging and movement of particles occurs
within the sample. In this case, shape of particles plays a vital role
if the quantitative matching of data is desired. This is a limitation
of DEM when considering spherical particles. Nevertheless, it is
possible to match qualitatively the laboratory results with the
numerical simulations.

4.2. Micro-scale response of sand-rubber mixtures

4.2.1. Coordination number
A particle scale examination of the system response can offer

insights into the physical basis of the effect of rubber particle size
and percentage of rubber content in the behaviour of sand-rubber
mixtures. As a first approach, the number of contacts per particle in
the system was quantified by employing the definition of the
mechanical coordination number (Zm), which excludes ‘‘rattlers”
with zero or one contact [62]. An overall Zm throughout the shear-
ing stage, considering all contacts, as well as a coordination num-
ber for each type of contact (sand-sand, rubber-sand or rubber-
rubber) calculated following Minh and Cheng [36] as: Zs-s = 2Cs-s/
Ns-s; Zr-s = 2Cr-s/N and Zr-r = 2Cr-r/Nr, where Ns is the number of sand
particles, Nr is the number of rubber particles and N is the total
number of particles. The coordination number, in laboratory exper-
iments or numerical simulations, is affected, partly by the sample
preparation method. However, in this study, the same preparation
method was applied for all the simulated sand-rubber mixtures,
thus the consistency in sample creation may minimize such effects
on the coordination number.

An initial observation is that regardless of the type of contact,
rubber content and rubber size, Zm remains virtually constant in
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the range of small e1 considered in this study as seen in Fig. 6. Yet,
the values of Zm present interesting trends depending on the rub-
ber content and size of rubber particles. Zs-s for all D50R/D50S ratios
considered, tends to decrease as rubber content increases, however
as D50R/D50S increases the decrease of Zm becomes less significant.
This can be easily understood as the number of rubber particles
decreases with the increase of D50R/D50S ratio for a given rubber
content. Rubber-rubber contacts present the opposite trend with
Zm increasing as rubber content increases however the maximum
Zr-r decreases as D50R/D50S increases.

Zr-s presents a clear increase as rubber content increases in the
cases of D50R/D50S = 2.5 and D50R/D50S = 5.0, but for the case of
D50R/D50S = 1.0 there is an increase in Zm from 10% to 20% of rubber
content from which the coordination number appears to remain
constant at a value of Zm = 2.5 up to a rubber content of 50%.

The overall Zm for all cases of D50R/D50S and rubber content is
similar and about 6 as shown in Fig. 7, indicating that all samples
regardless of rubber content and size are stable. Nevertheless, the
stability of the system is shared by all types of contacts [36], and
their contribution does depend on rubber content and size. As
expected, sand-sand contacts decreased as rubber content
increases, with the rate of decrease being affected by D50R/D50S.
The continuous line at Zm = 4 indicates the minimum Zm required
for the stability of a granular system composed of spherical fric-
tional particles [19]. Sand-sand contacts from D50R/D50S of 1.0
attain values of Zs-s below 4 for rubber content beyond 20%, sug-
gesting that the overall stability of the system begins to depend
on rubber involved contacts. In the case of D50R/D50S = 2.5, Zs-s

crosses 4 at a rubber content of 30% coinciding with the clear start
of decrease in Gmax seen in Fig. 4(b), while for D50R/D50S = 5.0, Zs-s

remained above 4 indicating a sand controlled mixture when the
rubber content is up to 50%. Rubber-sand and rubber-rubber con-
tacts present the opposite trend, with increasing Zr-s and Zr-r with
rubber content. For rubber-sand contacts, as D50R/D50S increases,
lower values of Zr-s are attained. For mixtures with D50R/D50S = 1,
Zr-s reach its maximum at a rubber content of 40% where a small
decrease is seen at a content of 50% mainly due to the higher num-
ber of rubber particles that are present in the system. With the
increase of rubber size, lower values of Zr-s and Zr-r are obtained
for rubber-sand and rubber-rubber at all rubber contents, hinder-
ing the participation of these contacts in the overall stability of
the system.
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Fig. 6. Mechanical coordination number against shear strain by type of con
4.2.2. Structural anisotropy
While Zm gives information associated with the packing density

at the contact scale, still additional insights are required in terms of
contact orientation and biases in force magnitude. In order to meet
those needs, a second parameter corresponding to the structural
anisotropy (fabric) is employed in the study by using the fabric
tensor defined by Satake [49] and presented in Eq. (1).

Uij ¼ 1
Nc

XNc

1

ninj ð1Þ

where Nc is the total number of contacts and ni is the unit contact
normal. The largest, intermediate and smallest eigenvalues of the
fabric tensor are denoted as U1, U2 and U3 respectively. The devia-
toric fabric, (U1-U3), relates to the degree of structural anisotropy.
An increase in (U1-U3) indicates a larger number of contacts aligned
parallel to the direction of loading, while low values of (U1-U3) rep-
resent an isotropic contact network. An overall Uij was obtained
taking into account all contacts, and additionally a Uij was found
for each type of contact, i.e. sand-sand, sand-rubber and rubber-
rubber.

Fig. 8 shows the structural anisotropy against ed for each type of
contact and for different ratios of D50R/D50S. For sand-sand contacts,
the results indicated a decrease in (U1-U3) as D50R/D50S increased.
For each D50R/D50S ratio, higher values of (U1-U3) are observed as
rubber content increases. No clear trend can be appreciated for
rubber-sand contacts; however, it is interesting to note that for a
D50R/D50S ratio of 2.5, (U1-U3) remains in the order of 10�3 regard-
less of rubber content, indicating an isotropic rubber-sand contact
network. There is a general trend for rubber-rubber contacts acting
on a D50R/D50S ratio of 1.0 to decrease in (U1-U3), as rubber content
increases with (U1-U3) in the order of 10�3 at a rubber content of
50%. Considering rubber-rubber contacts for D50R/D50S = 2.5, no
clear trend is noticed in (U1-U3) with values of it, in general, of
the order of 10�2. A decrease in (U1-U3) as rubber content
increases is evident for the case of D50R/D50S = 5.0, with the highest
values of (U1-U3) among all samples reaching the order of 10�1.
(U1-U3) remained virtually constant throughout the shearing
stage, with the exception of sand-sand contacts acting in a
D50R/D50S of 5.0, where an increase in (U1-U3) is observed beyond
a strain ed of 1e�3%.

A view to Fig. 9 indicates that regardless of content of rubber
or D50R/D50S, all samples remain overall isotropic, with values of
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(U1-U3) in the order of 10�3. However, interesting patterns are
noticeable after an examination of (U1-U3) for each type of contact.
Mixtures with D50R/D50S = 1 show values of (U1-U3) close to the
overall for sand-sand contacts up to a rubber content of 20%, from
which (U1-U3) increases with rubber content while the overall
deviatoric anisotropy decreases. The slight increase of structural
anisotropy for sand-sand contacts is due to the appearance of more
rubber-involved contacts that lowers the structural anisotropy for
rubber-rubber contacts. For a ratio of D50R/D50S = 5.0, (U1-U3) for
sand-sand contacts virtually overlaps with the overall (U1-U3)
and shows an even more isotropic structure as noticed for the case
of rubber content of 40% indicating the presence of rubber particles
embedded in a sand skeleton.

The general trend for rubber-rubber contacts is to attain a more
isotropic contact network as rubber content increases, regardless
of the D50R/D50S ratio. More rubber-rubber contacts increase the
chance of these contacts to be aligned in all directions which will
be maintained due to the high inter-particle friction. The effect of
rubber content on rubber-rubber contacts (U1-U3) is more signifi-
cant as D50R/D50S increases.

No clear trend is appreciated for rubber-sand contacts for all
D50R/D50S ratios. It should be noted that in some cases values of
rubber-sand contacts (U1-U3) being close to the overall (U1-U3)
do not necessarily indicate an isotropic rubber-sand network due
to the low value of Zr-s. It only indicates rubber-sand contacts
isotropically distributed but in isolated locations within the sys-
tem. High values of structural anisotropy are linked to the forma-
tion of lines of rubber-rubber contacts leaving rubber-sand
contacts surrounding these as a second part of the solid skeleton.
While values of structural anisotropy close to the overall indices
the presence of floating rubber particles that are surrounded in
all directions by sand particles.
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4.2.3. Normal contact force anisotropy
Stresses in a granular material are strongly related to different

sources of anisotropy, which includes geometrical anisotropy, as
discussed above, and the normal contact force anisotropy (an), as
Rothenburg and Bathurst [48] showed analytically. The sources
of different stress levels observed in Fig. 4 and differences in Gmax

as rubber content and D50R/D50S increase are expected to be related
to an. The average normal contact force tensor is expressed in Eq.
(2) (where U0

ij is the deviatoric part of Uij) with its probability dis-

tribution given by Eq. (3) and an
ij ¼ ð15=2ÞF 0n

ij =
�f 0 [17,48]. �f 0 ¼ Fn

ii is
the average normal contact force calculated considering the entire
space X (enclosed in the periodic cell), which can be deferred from
the mean normal contact force averaged over all contacts. an is

related to the second invariant of an
ij as an ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3=2Þanijanij

q
.

Fn
ij ¼

1
4p

Z
X
f nðXÞninjdX ¼ 1

Nc

XNc

1

f nninj

1þ ð15=2ÞU;
ijnknl

ð2Þ
f nðXÞ ¼ �f 0½1þ anij� ð3Þ

An overall Fn
ij considering all the contacts, plus a Fn

ij focusing on each
type of contact, were obtained. Similarly, the overall an and an for
each type of contact were calculated. Fig. 10(a)–(c) include an
against ed for each type of contact and D50R/D50S respectively. An ini-
tial observation is that an for sand-sand and rubber-sand contacts
does not remain constant during the shearing stage and starts to
increase exponentially from around ed = 1e�3, with the exception
of sand-sand contacts for a D50R/D50S equal to 1.0 that shows a gen-
tle decrease in an. Sand-sand contacts present interesting trends in
an that depend on the strain level. For D50R/D50S = 1 and 2.5, an
increases with rubber content at very small stains; however, when
e1 > 1e�3, an is found to decrease as rubber content increases. An
increase in an with rubber content is noticed for all range of e1 when
D50R/D50S = 5.0. Rubber-sand contacts do not present a clear trend.
Only at e1 > 1e�3 does an seem to decrease as rubber content
increases for the case of D50R/D50S = 1.0, while the opposite trend
is observed for D50R/D50S = 5.0. The highest rate of increase of an is
observed for mixtures having D50R/D50S = 2.5, while the slowest rate
of increase that is affected simultaneously by rubber content corre-
sponds to the mixture with D50R/D50S = 1.0. Regardless of rubber
content and D50R/D50S, sand-sand and rubber-sand contacts achieve
similar values of an in the same order of magnitude. Rubber-rubber
contacts show higher values of an as D50R/D50S increases. Addition-
ally, an decreases as rubber content increases in mixtures with D50R/
D50S of 2.5 and 5.0. For rubber-rubber contacts, there is no change in
the structural anisotropy as shown in Fig. 7 due to their lack of re-
arrangement (high inter-particle friction). Any increase in the force
carried by rubber-rubber contacts will be transmitted by a steady
contact structure keeping the normal contact force anisotropy
steady. This indicates that these contacts tend to orientate orthog-
onal to the loading direction that together with their inability to
re-accommodate would hinder their chance of altering the manner
in which these contacts transmit forces.

With an being the main contributor to the overall strength of
the system, the more pronounced decays in deviatoric strength
for mixtures with D50R/D50S = 1.0 and D50R/D50S = 2.5 as strain level
increases are related to decays in an for sand-sand contacts during
the same stage of deformation, and an increase in an for rubber-
sand contacts, which in turn affects the amount of stress that the
system can transmit. For the case of D50R/D50S = 5.0, as rubber con-
tent increases, an for sand-sand contacts always increases regard-
less of the axial deformation, restricting both rubber-sand and
rubber-rubber contacts from taking part in the stress transmission.
This prevented q to be reduced as rubber content increased in the
mixtures with D50R/D50S = 5.0.

From Fig. 11 it is appreciated how the overall an increases as
rubber content increases, especially for the cases of D50R/
D50S = 2.5 and D50R/D50S = 5.0. A more gentle increase is still notice-
able for D50R/D50S = 1. Sand-sand contacts from a D50R/D50S of 1
show an increase in an with rubber content; in D50R/D50S = 2.5, an
increase of an is seen up to a rubber content of 30%, when an begins
to decrease with the increase in rubber content to values below the
overall. Values of an appear close to the overall for the case of D50R/
D50S = 5.0. Rubber–sand contacts for mixtures having D50R/D50S = 1
present an interesting peak in an when the rubber content is 30%,
which coincides with values of Zr-s lower than 4; from 30%
onwards, an decreases with rubber content to values below the
overall an. Samples with D50R/D50S = 2.5 and D50R/D50S = 5.0 show
higher values of an than the overall for all contents of rubber.
Rubber-rubber contacts for the case of D50R/D50S = 1 decrease in
an as rubber content increases up to 30%, marking a minimum in
an for rubber-rubber contacts that happens simultaneously with
the transition from stable to unstable sand-sand contact network.
In mixtures with D50R/D50S = 2.5, no clear trend of an is observed.
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A clear decrease in an with rubber content is observed in samples
with D50R/D50S = 5.0, however, an remains almost two orders of
magnitude larger than the overall an. Rubber-rubber contacts pre-
sent more distanced values of an from the overall as D50R/D50S

increases. The inspection of the micro-parameters at the very small
strains reveals that there is an interaction between the packing
density at the contact scale and the different sources of anisotropy
as rubber content and particle size increases, which finally affected
markedly the mixtures stress-strain response and stiffness (Gmax).

The contractive response observed in Fig. 3(b) can be associated
with the particle scale response of both samples. As commented by
Yimsiri and Soga [66] the initial stress response of a granular
system is dependent on the initial contact anisotropy and normal
contact force anisotropy. When normal contact forces are oriented
in the vertical direction more dilative response is expected, for
the case of the pure sand the normal contact force anisotropy is
the lowest, leading to an initial contraction. While for the test
M50-1:1-50 the initial contact normal anisotropy is the highest,
it starts decreasing when a strain level of 1e�3 is reached, coincid-
ing with a decrease in p’.

The value of Gmax shown in Fig. 4(b) was calculated before the
elastic threshold was reached [41]. An indicator of this is that Zm
and (U1-U3) remained constant in the range of e1 = 1e�4 to
e1 = 1e�3, denoting that there was no re-arranging of particles or
complete detachment of contacts taking place, which could lead
to plastic deformations within the sample [38]. Differences
observed in Gmax for different rubber content and D50R/D50S can
be explained by the micro-mechanical response from the simu-
lated samples in the range of e1 = 1e�4 to e1 = 1e�3. G would be
micro-mechanically dependent on: how the overall stability of
the system is shared among the different types of contacts, that
allows the transmission of stresses within the boundaries of the
system and in what direction do the forces act on those contacts
being concentrated.
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4.2.4. Contact rose diagrams
The influence of the number of contacts, the structural aniso-

tropy and the normal contact force anisotropy on Gmax is illustrated
by rose diagrams of each type of contact for rubber contents of 10%,
30% and 50%, in all size ratios, in Figs. 12–14. The radial length of
each bin gives the number of contacts present in the angles
bounded by the bin. The colour is proportional to the average nor-
mal contact force that is oriented in each bin normalized by the
total average normal force within the entire sample.

Considering first the case of a D50R/D50S of 1.0 (Fig. 12), with a
rubber content of 10%, sand-sand and rubber-sand contacts are
seen to carry a similar amount of average normal contact force in
each bin, leading to a higher transmission of forces through
sand-sand contacts due to the larger number of sand-sand contacts
available. Very few rubber-rubber contacts are carrying less than
average normal contact force. At a rubber content of 10%, the sys-
tem is clearly sand dominated. For rubber content of 30%, the stiff-
ness and the strength of the system are controlled by rubber
particles, with rubber-sand contacts being the major type of con-
tact. More contacts were oriented vertically, parallel to the direc-
tion of loading and having slightly: greater average magnitude of
normal force. Rubber-rubber contacts become important at this
Fig. 12. Rose diagrams at Gmax for rubber contents of 10%, 30
point due to the similar orientations of the larger number of these
contacts available. With sand-sand contacts the fewest in number
at rubber content of 50%, contacts that involve rubber particles are
the majority, which at the same time are oriented isotropically,
allowing the transmission of forces in all directions resulting in
an overall strength of the system being controlled by rubber
particles.

Comparable results are observed from the rose diagrams relat-
ing rubber particles with D50R/D50S = 2.5 included in Fig. 13. While
the number of sand-sand contacts reduces as rubber content
increases, both rubber-sand and rubber-rubber contacts increase
in number. Rubber-rubber contacts are seen to carry the strong
normal contact force at all rubber contents. As the stiffer sand-
sand contacts carry weak normal contact force, the strength of
the system reduces; As previously noted, in mixtures with
D50R/D50S = 5.0, the contacts present in the system are dominated
by sand-sand contacts that carry the least average normal contact
force while the average normal contact force transmitted through
the small number of rubber-rubber contacts is the highest. Exper-
imental observations of increase in stiffness with content of large
rubber particles by Kim and Santamarina [26] can be explained
from the rose diagrams. Although sand-sand contacts have the
% and 50% with D50R/D50S = 1.0 shared from p0
0 = 50 kPa.



Fig. 13. Rose diagrams at Gmax for rubber contents of 10%, 30% and 50% with D50R/D50S = 2.5 shared from p0
0 = 50 kPa.
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lowest average normal contact force, due to the large number of
this contacts, the total force being carried by sand-sand contacts
is greater than rubber-sand or rubber-rubber contacts, making
sand-sand contacts control the overall strength of the systemwhen
D50R/D50S = 5.0 as observed in Fig. 14. Rubber-rubber contacts, on
the other hand, are very weak due to their small number and ran-
dom distribution. No clear bias for the average normal force in ori-
entation is perceived from the rose diagrams. However, where a
weak normal contact force is seen for a certain type of contact at
a distinct bin, a strong normal contact force from a different type
of contact will compensate at the exact direction, contributing to
the overall low values of an.
4.2.5. Contribution to deviatoric stress
Fig. 15 shows, for all D50R/D50S considered, the cumulative con-

tribution to the deviatoric stress and from all and each type of con-
tact at the end of shearing as a function of the normal contact force
normalized by the average normal contact force (fn/hfni) following
Radjai et al. [46]. The overall q at the end of shearing is given by the
final point of each curve corresponding to all contacts. An initial
observation is that greater contact forces appear as rubber content
and D50R/D50S increase.
In mixtures with D50R/D50S = 1.0, for a rubber content of 50%, the
q available is due to the contribution of either rubber-sand or
rubber-rubber contacts. At the same percentage of rubber but con-
sidering D50R/D50S = 2.5, rubber-sand contacts contribute the most
to a positive q while rubber-rubber contacts with fn/hfni > 1.0 are
seen contributing negatively to the overall q. Mixtures with
D50R/D50S = 5.0 at a rubber content of 50% reveal that almost all
the contribution to the overall q is made by sand-sand contacts
at fn/hfni less than 10. Any positive contribution from rubber-sand
contacts is erased by rubber-rubber contacts that are either con-
tributing negatively to q or tended to reduce the overall q.
4.2.6. Contact force networks
For a thorough illustration of the effect of rubber content on the

contact force network, Fig. 16 presents, for all D50R/D50S considered
the contact force network at the end of shearing at a rubber con-
tent of 50%. Different contact networks are shown corresponding
to: all contacts, sand-sand, rubber-sand and the rubber-rubber
contacts. The width and colour of the lines are proportional to
the contact force magnitude. The contact force network in mix-
tures with D50R/D50S = 1.0 is clearly dominated by rubber-sand or
rubber-rubber contacts that are found able to transmit stresses



Fig. 14. Rose diagrams at Gmax for rubber contents of 10%, 30% and 50% with D50R/D50S = 5.0 shared from p0
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among the cell boundaries. Sand-sand contacts, on the other hand,
are seen disperse and isolated, unable to form a stable contact net-
work. A similar case is observed for D50R/D50S = 2.5, however, the
contact network formed by rubber-sand contacts is the one seem-
ingly more capable of transmitting stresses within the sample.
Sand-sand contacts with D50R/D50S = 5.0 are seen to form a stable
contact network in between the rubber particles; while fewer in
number, rubber-sand contacts appear to form a contact network
also capable of stress transmission within the cell boundaries.
The negative contribution to q observed above from rubber-
rubber contacts can be visualized in the rubber-rubber contact net-
work that is not seen able to transmit forces within the boundaries
of the cell, plus most contacts remain aligned orthogonal to the
direction of loading.

It should be noted that the macro and micro-mechanical trends
observed in the stress-strain response and stiffnesses of samples
were consistent for all p0

0 considered. The discussion of the
micro-mechanical response addressed above is valid for the stress
levels considered in this study. The similar trends found in the lab-
oratory and simulation results suggest that the sensitivity of the
mixture behaviour to size ratio is independent of the absolute size
of particles.
5. Conclusions

DEM simulations of sand-rubber mixtures tested under triaxial
monotonic compression at constant volume conditions were dis-
cussed, focusing on different levels of deformation ranging from
very small to small strains. A systematic study on the behaviour
of sand-rubber mixtures was subsequently conducted, using rub-
ber contents that ranged from 10% to 50% by mixture weight and
D50R/D50S ratios of 1.0, 2.5 and 5.0. The macro-mechanical response
and the prevailed micro-mechanisms experienced by those mix-
tures were explored.

The macro-response of the simulated mixtures showed a
decrease in the elastic shear modulus and strength with increasing
rubber content for D50R/D50S ratios of 1.0 and 2.5, while the oppo-
site trend was found for D50R/D50S ratios of 5. This was in quantita-
tive and qualitative agreement with previous published laboratory
test results.

The micro-mechanics developed in the range of very small
strains provide an explanation to the effect of rubber content and
particle size on Gmax (G = (2/3)q/eq). A capable contact network hav-
ing an adequate number of contacts, oriented isotropically within
the sample, was seen to be leading the force transmission in the
system and therefore having an important effect on Gmax.

More evident changes in q as rubber content increased for dif-
ferent stages of deformation are linked to the different trends
observed in an during the shearing stage. At the end of the test
for mixtures involving D50R/D50S ratios of 1.0 and 2.5, contact net-
works formed by sand-sand and rubber-sand contacts transmit
normal forces in a less biased fashion to the loading direction that
ends up influencing q. In contrast, mixtures involving large rubber
particles an for sand-sand and rubber-sand particles were always
seen to increase, which resulted in no significant effect on q.

Clear size effects of rubber particles on the mechanical beha-
viour of the mixtures were observed when considering the contri-
bution to q by each type of contact. Rubber particles that have the
same size with sand particles are able to contribute positively to q
by either rubber-sand or rubber-rubber contacts. As the size of
rubber particles increased, it was mainly the rubber-sand contacts
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that contribute positively to q; rubber-rubber contacts, on the
other hand, tend to decrease the overall q (D50R/D50S = 2.5), and
at larger rubber sizes clearly contribute negatively to q (D50R/
D50S = 5.0).

Based on the macro and particle scale results, Fig. 17 shows a
diagram of the three possible phases for sand-rubber mixtures,
taking into account both size ratio and rubber contents up to
50%. A sand dominated response is observed for size ratios of 1.0
and 2.5 up to rubber contents of 20%. A rubber dominated response
is only perceived for a size ratio of 1.0 and from rubber contents
greater than 30%. Larger rubber particles would require a greater
rubber content to become participant in the overall strength of
the sample, for a size ratio of 5.0 this is only seen happening for
rubber contents greater than 40%.

The size and percentage of rubber particles should be selected
depending on the purpose of use for the mixtures. For the range
of strains considered in this study, mixtures with D50R/D50S = 1.0
showed an increase in void ratio with rubber content which would
be helpful to improve drainage conditions. A reduction in devia-
toric stress was observed for samples having either D50R/D50S of
1.0 or 2.5 indicating their usability for stress and settlement reduc-
tion. Mixtures with D50R/D50S = 5.0 gave the best mechanical beha-
viour, mostly because of these samples being sand-dominated. For
all rubber contents, the strength of the samples remained virtually
the same when compared with the pure sand response. Besides,
only for D50R/D50S = 5.0 Gmax was seen to increase with rubber con-
tent. The micro-mechanics explored, show that although sand
dominated, these samples would still be benefited with the advan-
tageous rubber particles properties such as low unit weight and
high damping as rubber particles were seen to participate actively
in the contact force network, especially for rubber-sand contacts.
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