
3.5 Small-strain material damping: formulation and
development of empirical equation

The measured small-strain material damping values of all
samples of the primary dynamic testing program are plotted in
Fig. 14 against the normalized pressure in log plots. A slight
decrease in Ds0 with an increase in pressure, which is
consistent with previous research works (e.g., Cascante and
Santamarina, 1996; Menq, 2003; Senetakis et al., 2012), was
observed. For p'¼25 kPa, material damping ranged between
0.80% and 1.10% for most samples, whilst for p'¼200 kPa,
Ds0 ranged between 0.45% and 0.75% in the majority of the
experiments. No clear trend was observed for the effect of the
initial void ratio on Ds0; for example, for SAMPLE07 or
SAMPLE15, Ds0 values decreased for the denser specimens in
comparison to the looser samples, but the opposite trend was
observed for SAMPLE06 or SAMPLE14. It is noted that, in
the study, the changes in sample volume, and thus, in void
ratio, were based on the assumption of isotropic compression.
In a previous study by Senetakis (2011), saturated samples at
variable initial densities were tested and accurate measure-
ments of changes in sample volume were incorporated.
Senetakis (2011) did not notice a systematic effect of the void

ratio on small-strain damping, which is in agreement with a
previous work on granular soils by Menq (2003).
In order to further analyze the data, the following general

formula for material damping was adopted which is given as a
function of the normalized pressure.
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In Eq. (14), AD
* and nD are material constants. For those

constants, a similar procedure to the one followed for the
determination of the shear modulus constants was adopted. For
each sample, Ds0 was plotted against p'/pa and a power law
equation was determined expressed through the constant AD

*

and the power nD. The analyses for those constants are
summarized in Table 2, while in Fig. 15, AD

* and nD are
plotted against the coefficient of uniformity. No clear trend
was observed for the effect of the initial void ratio or the
grading characteristics of the samples on Ds0. The data
indicated an average value and a standard deviation for AD

* and
nD equal to 0.7170.12% and �0.1770.10, respectively. The
material damping constants were more scattered than the
corresponding stiffness constants; this observation may be

Fig. 11. Small-strain shear modulus against confining pressure normalized with respect to the atmospheric pressure of all specimens: (a) sands with D50E1 mm,
(b) sands with D50E2 mm, (c) sands with D50E3 mm and (d) uniform and well-graded gravels.
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attributed to the overall complex mechanisms of energy
dissipation in particulate media at very small deformations.
In their analyses, Senetakis et al. (2012), based on resonant
column test data on fine to coarse grained sands of variable
types including shape, mineralogy and morphology, similarly
reported average values for the constant AD

* between 0.62%
and 0.52% for quartz and volcanic sands, respectively, whilst
the nG values were affected by particle shape. In Fig. 16, the

measured against the estimated damping ratios using Eq. (14)
are plotted. The use of Eq. (14) with AD

* ¼0.71% and nD
¼�0.17 did not show any systematic overestimation or
underestimation of Ds0 values over the measured damping
ratios. For most data points, the scatter between the measured
and estimated values varied within a range of 730%. This
scatter is satisfactory considering the uncertainties in measur-
ing material damping in the laboratory.

3.6 Practical implications of proposed formulae and future
improvements

Computer codes for seismic response analysis studies use G0

(or shear wave velocity Vs) and non-linear curves, i.e.,
modulus degradation and increase in damping against shear
strain, as input. In addition, G0 is important in the normal-
ization of the G/G0-strain curves which are very popular in
engineering practice particularly when equivalent linear ana-
lysis codes are used for seismic response studies and in
medium-strain geotechnical problems. G0 is the "start point"
of a normalized curve and it has been recognized for its
importance in the prediction of deformations for both static
and dynamic loading problems (e.g., Jovicic and Coop, 1997).
Consequently, the importance of small-strain stiffness is
associated not only with studies that include seismic loading,
but also with conventional foundation engineering, tunneling
design, infrastructures such as retaining walls and other
facilities with fill–backfill material. Damping in the range of
small-strains can also be very important in particular in small-
strain problems which may be of interest in machine founda-
tion vibration analyses and soil-structure-interaction analyses
of dynamically loaded systems. Small-strain damping is also
important for the geophysical characterization of sediments
(Cascante et al., 1998). This means that the dynamic properties
examined in the study are of immediate interest in engineering
practice, including deformation prediction and dynamic pro-
blems, and the produced formulae of the paper can be used
directly for predictions of ground deformation as well as for
geophysical characterizations of sediments.
The aim of the study was to propose formulae for small-

strain stiffness and damping prediction that are applicable to
soils of similar characteristics in terms of particle size,
distribution, specific gravity and most importantly particle
shape descriptors, i.e., for soils of low sphericity and round-
ness. This type of soil, such as crushed rock, is very common
in geotechnical projects.
It is noted that in the present study and, in particular, for

stiffness derivations, a void ratio function proposed in the
literature was incorporated, i.e., F(e)¼e�x where the power x
was equal to 1.3. In previous studies, for example by Menq
(2003) or Senetakis et al. (2012), the experimental data were
adjusted in order to compute a best-fit x power, but in the
present work a constant value was adopted, without adjustment
based on the specific experiments of the study. This may add
some additional scatter to the predicted stiffness values. The
decision for an appropriate void ratio function F(e) to be used
in the analysis affects the magnitude of the constant AG, but it

Fig. 12. Variation in shear modulus constants against coefficient of uniformity
and comparisons with empirical-type models from the literature.

Fig. 13. Measured against estimated shear moduli.
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is expected not to have a qualitatively important effect on
general trends, for example, the effect of Cu on the power n or
the constant AG, whilst the produced formulae demonstrated an
improvement between the estimated and the measured values.
It was out of the scope of this paper to investigate in further
detail the uncertainties in estimating stiffness at small strains,
which may include, for example, the effect of different void

ratio functions to be used in the small-strain stiffness formula.
The main contributions of this work were (1) to emphasize
some differences with the literature data, for example, between
different formulae for stiffness prediction; (2) to highlight the
important effect of particle shape which significantly affects
the differences in the proposed formulae in the literature; (3) to
improve the general formula for G0 prediction for the

Fig. 14. Material damping values against confining pressure normalized with respect to atmospheric pressure of all specimens: (a) sands with D50E1 mm,
(b) sands with D50E2 mm, (c) sands with D50E3 mm and (d) uniform and well-graded gravels.

Fig. 15. Variation in material damping constants against coefficient of uniformity.
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particular type of soil which was mirrored through the
improved comparison between the measured and the estimated
values; and (4) to provide micro-mechanical interpretations
and the effect of the particle contact response including soils of
variable types.

4. Conclusions

The study presented a synthesis of torsional resonant
column tests on a potential fill–backfill material with focus
on elastic moduli G0 and material damping Ds0. Additional
previously published tests that adopted dynamic test methods
were re-analyzed. The following main conclusions may be
drawn:

1. The G0–p' relationship followed a power law with observed
effects of the preparation method and the coefficient of
uniformity on the power nG. These effects were attributed,
in part, to the fundamental behavior of soils of convergent
moduli with respect to the effect of the preparation method
and to the effect of the coordination number on the
magnitude and the distribution to the particle contact forces
within a granular assembly, with respect to the coefficient
of uniformity.

2. Using formulae from the theory of elasticity, along with
previously published data from dynamic element tests, the
importance of particle type and particle contact response
was examined in terms of the changes in void ratio for a
given change in p'. The more brittle in nature particle-
contact response of weaker particles, such as volcanic soils,
led to more pronounced changes in void ratio, and thus,
changes in fabric with an increase in p', which in turn
affected the G0–p' relationship.

3. Material damping constants were more scattered and the
effect of grading or the preparation method on Ds0 was not
clear. For the range of isotropic effective stresses in this
study, small-strain material damping was generally found to

be less than unity in magnitude, with a slight decrease with
an increase in p'.

4. The developed equations of this research work may be
directly used to model the behavior of potential fill–backfill
materials which may find many applications in geotechnical
engineering practice. These formulae may be more applic-
able to granular soils of very high angularity and very low
sphericity. However, it is believed that further laboratory
and theoretical research, by means of numerical simulations
of granular assemblies, is necessary in order to examine
some observed trends of this work. For example, the effect
of the sample preparation method and its link to the
magnitude and the distribution of particle contact forces,
attenuation at the contacts of the soil particles and its link to
the macro-scale observed material damping, or, the effects
of particle shape and morphology in the energy dissipation
mechanisms and stiffness of particulate media, need to be
investigated.
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